CHAPTER

Applications of the Integral

5.1 Concepts Review
1. j: f(x)dx;—j: f (x)dx
2. slice, approximate, integrate
3. g(¥)—-f(x); f(x)=9(x)
d
4. |, la-pm]dy

Problem Set 5.1
1. Slice vertically.
AA =~ (x2 +1)Ax

2,2 13 F_
A:f (x*+Ddx=|=x+x| =6
-1 3 1

2. Slice vertically.
AA = (x3 — X+ 2)AX
2
33
A=j2(X3—x+2)dx={£x4_lxz+gx} =2
-1 4 2 4 4
3. Slice vertically.

AA =~ [(x2 +2)—(—x)]Ax = (x2 + X+ 2)AX
2

A:J.2 (x2+x+2)dx: lx3+1x2+2x
-2 3 2 —2

= §+2+4 - —§+2—4 =4—0
3 3 3

4. Slice vertically.
AA ~ —(X 24 2Xx—3)Ax = (—x2 —2X+3)Ax

1
32
A:.[l (_X2_2X+3)dX: —EXS—X2+3x ===
-3 3 R 3

5. To find the intersection points, solve 2 — X2 =X.

x2+x-2=0
x+2)(x-1)=0
x=-2,1

Slice vertically.
2 2
AAz[(Z—x )—X:|AX= (—x° —x—2)Ax

1
1
A:J. (-x% = x+2)dx = —lx3 —lx2 +2X
-2 3 2 _2

) I T B
3 2 3 2
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. To find the intersection points, solve

X+4=x2-2.
x2-x-6=0
x+2)(x-3)=0
Xx=-2,3

Slice vertically.

AA =~ [(x+4)—(x2 —Z)JAX = (—x2 + X+ 6)AX

3
3
A:I (—x2+x+6)dx: —1x3+£x2+6x
-2 3 2 2

(—9+g+18j—(§+2—12j :%
2 3 6

. Solve xX3—x%-6x=0.

x(x2 —x—6)=0

X(x+2)(x-3)=0

x=-2,0,3

Slice vertically.

AA =~ (X% = X2 —BX)AX

AA ~ —(x3 _x2 —B6X)AX = (—x3 +x2+ 6X)AX
A=A +h

(9 3,2 3, 3,42
_j_z (x7=x —6x)dx+J0 (=Xx7 +x“ +6x)dx

0 3
= lx"’—lx?’—Sx2 + —1x4+1x3+3x2
4 3 D) 4 3 0

ez s

16 63 253

3 4 12

. To find the intersection points, solve

—x+2=x2.

X2 +x-2=0
x+2)x-1)=0
x=-2,1

Slice vertically.

AA =~ [(—x+2)—x2}Ax: (—x2 — X+ 2)AX

1
Azjl (—x2—x+2)dx= —1x3—1x2+2x
-2 3 2 )
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9. To find the intersection points, solve 13. Y
2 L1 | ‘ | ! | | , |
y+1=3-y°. hr C 5x
y2+y-2=0 L
(y + 2)(y - l) =0 —(x—4)x+2) ;"
y=-2,1 L
Slice horizontally. F
2 2 N
AAz[(3—y )—(y+1)}Ay—(—y —y+2)hy ]
1.2 1 1 ! - 2
A:J_Z(—y -y +2)dy :{_§y3 —Ey2 +2y} AA =~ —(X=4)(X+ 2)AX = (—X“ + 2X + 8)AX
-2 3
(3,2 | 13 2
(C1l o) (8, 4120 A_.[o (-x +2x+8)dx_[—§x +X° +8X
3 2 3 2 0
=-9+9+24=24
10. To find the intersection point, solve y2 =6-Y. Estimate the area to be (3)(8) = 24.
21y-6= 14,
y * y 6 O 11 l]} 1 | | ' 11
(y+3)(y-2)=0 -3 7
y=-3,2 X
Slice horizontally. —x"+dx +5
MAx[(6-y)-y? [ay = (-y* - y+6)ay ’
2
2 2 _ 1453 1, — 2 9
A=[ (Y —y+6)dy—{—§y -3V +6y}0 3 =
1 AAz—(x2 —4x—5)Ax = (—x2 +4X+5)Ax
' 4
4
A:j (=x? +4x+5)dx = —Ex3+2x2+5x
-1 3 1
:(—g+32+20j—(1+2—5j _100, 33.33
3 3 3
. 1 1
0 Estimate the area to be (5) 65 = 325.
15. y
AAz(3—1X2)AX 21~
3
3 1, 1 3 s i
A= [3——x jdx:{3x——x } -9-3=6
ol” 3 9" o
Estimate the area to be (3)(2) = 6.
12. y
8 Ax
I Sx—x°
[ | 1 1 1
2 \ 8 X
AA ~ (5x— xz)Ax
3 2 52 134 3 . 1
A= L (5x—x“)dx = [EX —§x } ~11.33 Estimate the area to be (2) (lzj =3.
1
Estimate the area to be (2) [5%) =11.
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16.

17.

18.

Ax
AA ~ —X3AX
AAy ~ X3AX

0 3
A=A+A :.[_S—x3dx+.[0 x3dx

AR EIRHIGE;
=|—-=X +H =X | ==+ ===
4 15 [4 I 4 4 2
=405

Estimate the area to be (3)(7) + (3)(7) = 42.

v

| |

| |
=2 2 X
| l—
Av 2+
AA ~ —3/x Ax

AAy ~ X AX
A=Ay =[x+ [ Yxax
0 2 3 3
:[_Est} {Exm} REAREE
4 L, L4 0 2 2

=3Y2~3.78
Estimate the area to be (2)(1) + (2)(1) = 4.

¥

T

I Y |

Jr-10

~ Ax

_|6:
AA ~ —(\/X —10)Ax = (10— +/X)AX

A= [ 00— Ry de=| 106232
_-[0( —Jx)dx = x=3X .

=90-18=72
Estimate the area to be 9 - 8 =72.
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19.

20.

AA=[x—(x—=3)(x—1)]Ax
= [x—(x2 —4x+3)]Ax = (—x2 + 5% — 3)Ax
To find the intersection points, solve
X=x-3)(x-1).
x2 —5x+3=0
‘o 5+425-12

2
L, _5+V13

2

5++/13
A:_[ +2f (—x? +5x - 3)dx
513
2

_5+/13
= —1x3+5x2—3x 2 =13\/1_3z7.81
3 2 5—5/1—3 6

Estimate the area to be %(4)(4) =8.

T T 11

T

A
AAz[\/;—(x—4)]Ax:(\/§—x+4)Ax

To find the intersection point, solve

I:(x—4).

X = (x—4)>
X2 —9x+16=0
X_Qi\/81—64
2
L 917
2
(X = g_g/ﬁ iS extraneous So X = 9+£/ﬁ.j
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A=j9+\2/ﬁ (\/;—x+4)dx

0
9+/17
2

:Fx3/2 —lx2 +4x
3 2 0

3 2 2 2 2

3 2

3/2
=3(9+*/EJ +?—@z15.92

Estimate the area to be %(5%)(5% :151 .

2 8

21. y

BA =[x = (X = 2x) | Ax = (-2¢ + 2X)Ax

To find the intersection points, solve

x2=x%_2x.
2x% -2x=0
2x(x-1)=0
x=0,x=1

1 2 L
A:'[ (—2x2 +2x)dx=[——x3 +x2}

0 3 )
:—E+1:1:0.33

3 3

Estimate the area to be 1 1 :1.
2)\2) 4

22. o
|1l|||h||'||
5

=5 X

o = 0) = (2x— 1)x+3)

——
Ax
0

AA = [(x2 _9)- (2x—1)(x+3)]Ax
= [(x2 -9)- (2x2 +5x—3)JAx

= (—x2 —5x—6)Ax
To find the intersection points, solve
(x-1)(x+3)=x*-9.
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=g(9+\/ﬁJ3/2_£(9+\/ﬁ]2+4(9+\/]7

X% +5x+6=0
x+3)(x+2)=0
x=-3,-2

-2
A= I—s (—x2 —5x—6)dx

= [—1x3 —Ex2 —BX}
3 2 -3

= (§—10+12j—(9—£+18J _L0a7
3 2 6

Estimate the area to be 1(1) 5—4g =1.
2 3) 6

-2

23. ¥ "
9 Sy—y"
—
T~
Ay
- t
| B I T T I | .
= 18
AA~ 8y -y?)Ay
To find the intersection points, solve
8y — y2 =0.
y(8-y)=0
y=0,8
A=’ By-y?)d —[4 2 1 3}8
=Jp By—y)dy =4y 3y .
2256—%=@z85.33
3 3
Estimate the area to be (16)(5) = 80.
24, y
?.—
F3=-y+1)
\ {
= Ay
L1 1 1 1 ) | If._
-5 5 X
/_

-3
A= (3-y)(y +D)Ay = (-y? + 2y +3)Ay

3
3 1
A= .[—1 (-y?+2y+3)dy = [—5 yiey? +3y}
-1

= (—9+9+9)—(%+1—3J:3—?’2z10.67

Estimate the area to be (4)(2%) =10.
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25. y 27. y
= 51
(=6y° +4y) — (2= 3y) —
/4 o>,
Ay _:|§| L1 s e
— L G-y)-2y"
5
L,
0 i AAz[(3—yZ)—2y2}Ay=(—3y2+3)Ay
AA~ [(—6)/2 +4y) - (2—3y)]Ay To find the intersection points, solve
2 4 2
= (-6y? +7y—2)Ay 2y°=3-y°.
To find the intersection points, solve 3y?2-3=0
—6y® +4y=2-3y. 3(y +11)1(Y—1)=0
6y2—7y+2:0 1 1
a2 _[_y3
(2y-D@3y-2)=0 A=[ 3y2 43y =~y w3y |
12 =(-1+3)-(1-3)=4
=253 Estimate the value to be (2)(2) = 4.
2/3
2/3
A= (—6y2+7y—2)dy=[—2y3+zy2—2y} S &
1/2 2 s B
B 4 _ g
=(—E+E—f —[—1+Z—1 -1 < 00046 [ B-4)-4
2779 3)( 48 216 . 2
Estimate the area to be a 7 ot
R -
2\2)\5) 2(2)\6) 120° B
5
26. 4 4 4
A= (8-4y") - (4y*) |ay = (B8-8y")ay
To find the intersection points, solve
4y4=8—4y4.
gy* =8
- (+d -7 =2y vy =1
_{_ y=+1
2 2 1 4 8 5 !
A= (y+4)-(y° ~2y) |Ay = (y? +3y + 4)Ay A=[" (6-8y )dy{By—gy }
To find the intersection points, solve -
2 ~(8-8) [ 8+8]-%_128
y -2y=y+4. U s 5) 5 77
v -3y-4=0 Estimate th be (&) 11 | =12
timate the area to be = |=12.
(v +1)y-4)=0 st ()( 2)
y=-1,4
A=[" y2+3y+ 4y —[—1y3+§y2+4y}4
-1 3 2 _1
=(—6—4+24+16j—(1+§—4j=%z20.83
3 3 2 6
Estimate the area to be (7)(3) = 21.
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29. 30.

2y+x=0

-5
An equation of the line through (-1, 4) and (5, 1)

e P |

-10
Let R; be the region bounded by 2y + x =0,

is y= —1x+1. An equation of the line through
y=x+6,andx=0. 2 2

0 1 (-1, 4) and (2,-2) isy = —-2x + 2. An equation of
A(Rl):j_4 (X+6)—(—§Xj dx the line through (2, —2) and (5, 1) isy = x — 4.
Two integrals must be used. The left-hand part of
:.[04 (gx+6jdx the triafgle r;as area .
- 2 2
—=X+——(-2x+2) |dx = —X+—|dx.
Let R, be the region bounded by y = x + 6, -[l[ 2X+2 2+ )} X Il(zx+2j X
y=x3,and x = 0. T:e right-ha;nd part of the tria:gle gas a;eSa
2 2 X4 ——(x— = i
A(Rz)zjo [(x+6)—x3de :jo (—x2 + X + 6)dx .[2[ X+~ 4)}0"( Iz( > X zjdx-
A(R) = A(Ry) + A(R,) Tr;e t;iangl; has are: -
:ji (gx+6jdx+j02 (~x3 + x +6)dx j_l(ix+5)dx+.[2(—5x+?de
2 5
3.2 0 14,12 2 2132 3 423 By
= Zx +6x| + _ZX +EX +6X 4 2 1,4 4 2
-4 0
=12+10=22 :%+ﬁ:£:13,5

9 2 3 102 % _70q._ (119 ) =
3L .[—1 (3t°—24t+36)dt =| t° —12t° + 36t L (729 -972 + 324) — (-1-12-36) = 130
The displacement is 130 ft. Solve 3t?—24t+36=0.
3(t-2)(t-6)=0
t=2,6

3t2-24t+36 t<2,t>6
V©)]=

3t2+24t-36 2<t<6
9 2 6 9
[ ‘3t2 —24t+36‘ dt = [ (3t2-24t+36)dt +[, (-3t% +24t—36)t+ [, (3t2 - 24t +36)
2 6 9
_ [t?’ —12t2 +36t} +[—t3 +12t2 —36@ +[t3 —12t2 +36t} =81 +32+81=194
-1 2 6
The total distance traveled is 194 feet.

3n/2
3n/2
32. In L ginat|dt=| ti-Leosat _(3m 1) (o L) 3y,
0 2 2 2 0 4 2 2 4

The displacement is ?an+1 ~ 3.36 feet . Solve %+sin 2t=0 for 0<t< 3?“ .

sin2t:—1:> 2tzﬁ,£3 t:ﬁyﬁ
2 6 6 12 12

300 Section 5.1 Instructor’'s Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material
may be reproduced, in any form or by any means, without permission in writing from the publisher.



1 1+sin2t 0<t< E% t_%n
—+sin2t‘=
2 ——-—sin2t 7—Tc<t<E
2 12 12
3n/2
Jo

7n/12
Ft—lcos Zt}
2 2

11r/12
J{—lt +lcos Zt}
0 2

Tn/12

24 4 2 6 2 24 4 2

+Ft —lcos Zt}
2 2

SRR

The total distance traveled is i—;+ 3+1~4.04 feet.

33. s(t) = jv(t)dt = j(2t—4)dt =t?—4t+C

Since s(0)=0,C=0and s(t) = t2 4t s=12
when t = 6, so it takes the object 6 seconds to get
s=12.

4-2t 0<t<?2
|m—4={
-4 2<t

2 2 2 .
fol2t=4jdt=[ > +at] =4, sothe object
travels a distance of 4 cm in the first two seconds.
[ [2t-4ft = —4t] = X% —4x+4

2

x2 —4x+4 =8 when x = 2+ 2+/2, so the object

takes 2+ 2+/2 ~ 4.83 seconds to travel a total
distance of 12 centimeters.

b. Find c so that jlc x2dx = %

c
jc X2dx = [—1} = 1—1
1 X c

1 5 12

The line x = % bisects the area.
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35.

. 7nl12 . 11r/12 . 3n/2 .
1+sm Zt‘dt:j " (£+S|n2tJdt +I " [—l—sm2t)dt +I " (1+sm ZtJdt
2 0 2 /12 2 11rn/12 { 2

3r/2

11r/12

c. Slicing the region horizontally, the area is
5
.[1/36\/_ y+( j(S) Since £<1_ the

line that bisects the area is between y = 3_16

and y =1, so we find d such that
11 5. 11 1
dedy:E,Jdey—[Z\/y]d
Lo ofd=>
—2-2Jd;2 2J__12,

d= 361 ~ 0.627.
576

The line y = 0.627 approximately bisects the
area.

Equation of line through (-2, 4) and (3, 9):
y=X+6

Equation of line through (2, 4) and (-3, 9):
y=-Xx+6

A(A) = jf3[9— (—x+6)]dx+j§[9— (x+6)]dx

= [© @+ 3+ [(3-xdx

0 3
:{3x+£x2} +[3x—1x2} _9.9%9

27 |3 2" Jy, 2 2
A(B) :I::[(—x+6)—x2]dx

+[° [-x+6)— (x-+6)]d

_ I_‘: (x% = x+6)dx+ jf’z (~2x)dx

-2

0
=[—lx3—lx2+6x} +|:—X2:| =£
3 2 3 2 6
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A(C)=A(B) = 3—67 (by symmetry)

_ 0 2 2 2
A(D) = [ [(x+6) - x*Tdx-+ [, [(-x-+6) - X Jox
0 2
= |:—1X3 +£x2 +6x} +[—ix3 —lx2 +6x}
3 2 ) 3 2 0
4
3
A(A) + A(B) + A(C) + A(D) = 36
3
A(A+B+C+D) :'[33(9—x2)dx=[9x—%x3}
B -3
=36
36. Let f(x) be the width of region 1 at every x.

AA ~ F(X)AX, SO A = j: F(x)dx .
Let g(x) be the width of region 2 at every x.

APy = g(X)AX, SO Ay = J'; g(x)dx.
Since f(x) = g(x) at every x in [a, b],

A= j: f(x)dx = j:g(x)dx —A.

37. The height of the triangular region is given by
for 0 <x<1. We need only show that the
height of the second region is the same in order
to apply Cavalieri’s Principle. The height of the
second region is

hy = (X2 —2x+1) — (x? =3x+1)

=x% —2x+1-x? +3x-1

=x for 0<x<1.
Since hy =hy, over the same closed interval, we
can conclude that their areas are equal.

38. Sketch the graph.

v

NN
\_J

.
Solve sinx:l forOsxsﬂ—n.
2 6
~m 5t 13n 17n
"6 66 6
The area of the trapped region is

16 . 5n/6( .

.fn (l—smxjdwrj‘ " [smx—ljdx

0 2 /6 2
13n/6 . 177/6

+j " (E—SlandX-i- " [sm )dx
5n/6 | 2 13n/6

302 Section 5.2

1 nl6 1 5r/6
|:2X+COSX:| |:—COSX——X:|

nl/6
1 137/6 L 7l
+[—x+cosx} [—cosx——x}
2 57/6 137/6

(L (5-2)-(-2)

+(\f “j—l REACHP

3 2

5.2 Concepts Review

1.

2.

3.

4,

nr2h
n(RZ=r?)h
TcX4AX

(X% +2)? - 4]Ax

Problem Set 5.2

1.

Slice vertically.
AV = n(x2 +1)2Ax = TC(X4 +2x2 +1)AX

_ 2,4 2
—Tc'[o (X" +2x° +1)dx

[1 5 2 3 T (32 16 j 2067
=7 =X"+=X"+X| =] —+—+2|=
5 3 0 5 3 15

~ 43.14
Slice vertically.
AV = n(—x2 + 4x)2Ax = TE(X4 -8x3 +16x2)Ax
3
V= njo (x4 —8x° +16x2)dx
1 16 5T
= TC|: x°—2xd + = 3}
5 3
= n[%—162+144)

_ 1537 _96.13
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o

3. a. Slice vertically.

32

AV =~ n(4- xz)zAx = 11(16—8x2 + x4)Ax
2

V= TEJ.O (16—8x2 + x4)dx

_ 2567 ea62

b. Slice horizontally. B ; o "‘M‘" .
X=44-y )

Note that when x =0, y = 4. AV =~ 1(x%)% Ax = nx8Ax
2
AV ~((fA-y) Ay = n(4-y)ay

3
V= nj?’ x8dx = nF xq _ 2187 98152
4 0 7 7
4 1 2 0
V=n (4—y)dy=n[4y—5y }

= n(16-8) = 8 ~ 25.13

0 7.

4. a. Slice vertically.
AV ~ (4 -2x)? AX

0<x<2
v =x[l(4-2x)2dk [ La 2x)3}2
=TT — =T —— -
0 6 0
_32r _a351
3
b. Slice vertically.
x=2-Y
2
2
AV zn(Z—%j Ay
0<y<i4 8. ol
2 5 3 B
\ =th (Z—XJ dy=mn ——(2—1] = .
2 3 2 - _..“.._
= 1bn ~16.76 B e
3 »
5. ) L L Jﬁ -

AV = n(x3/2)2Ax = 13 AX

3
3
\Y =TC'[2 X3dX:n|:%X4} :n(%—%j
2

X
\ ™ 85T o
1 1 1 1 1 4

-3 -

2
2 4
AV ~ n[X—J Ax =2 Ax

|
pd
¥

s s

4 4

4

V= X—dx:l[lxﬂ _1024 6519
0 & 5 Jg 5m
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9. y 12. y
sk
:ﬂu'
B 9y’
| 1 m C 1
-5 B 5
2
2
AV =~ n(\/Q—xz ) Ax =mn(9- xz)Ax
3
3
V= nj (9—x2)dx =T 9x—1x3
-2 3 9
— 1 (27-9) —(—18+§) _100% 104,72
3 3
10. y
10~ 13. y
HE— d T /
B ‘ 24y i
- J Ay
[ X:n | *
| I .| 1 1 1 B
30X |
5«
AV =~ n(x2/3)2Ax = nx*3Ax 2
- AV ~ n(zﬁ ) Ay = dnyAy
27 4/3 3 7/3 6561 3
Vznj X7dx = | =X =n| ——= 4
1 7 | 707 4 1,
Vv =4ch0 ydy=4r|~y® | =321 ~10053
_ 6958 594322 0
14. y
301
11. y 5 P
5 ¥ -
n / B o 4
+ — Ay
E Ay _ *
| [ I I T [
-1 N 9 X L
I B 1 I I O I |
- 10%
-5+
AV ~ n(y2’3)2Ay _ ny4’3Ay
AV =y Ay = mray 2 3 2T 6561
3 7 413 713 &
3 V =T d =T — = —
V= nj yAdy = n[l yﬂ _ 2831 15068 j0 yu [7 Y L 7
0 5, 5
~ 2944.57
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15. ¥ n 18. Sketch the region.
o 4 A y

B / 8 y =6x° - ox
— * -

— Ay

T T

AV ~n(y*'?)? Ay = ny3Ay

4
9
V = Tc.[c? yidy=n lyq _ 6561n 5153.00 To find the intersection points, solve 6x = 6x2.
4" Jo 4 6(x%> —x)=0
, 6x(x-1)=0
6. 2 - 42 x=0,1
| . AV = 7I|:(6X)2 —(6x2)2JAx = 367r(x2 - x4)Ax
| Ay 1 1 1 1
| L b, \Y =36nJ (x2—x4)dx=36n{—x3——x5}
1 3 X 0 3 5 0

B =36n 11 _@4508
3 5 5

)

19. Sketch the region.

2
AV zn(\M—yz) Ay:n(4—y2)Ay 10

2 2 157
V=r[ (4-yH)dy=n|dy—2y
2 30 1o l Ll 111

2 18
- 8—§j—(—8+§j _32m 3351
3 3)|7 3

-

T T T.

T 177

17. The equation of the upper half of the ellipse is -10
. . . . X
y=b /1__ ory=2 /a 2 To find the intersection points, solve 5: 2Jx .
X2
2 —=4x
= nJ—a_Z( —x?)dx 4
a x% ~16x =0
I X(x-16)=0
=——]a X——— _
o2 3 x=0,16

—a 2 9 2
e o] (o5 (2] o o
3 3

16 G 3 1°
V:n.[ 4x-"—|dx=n| 2x2 -2
0 4 12

0
( 1024} _512n

512 - 5 ~536.17
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20. Sketch the region.
r . 22. y:£x2+3,y=ix2+5
16 16
—\ Sketch the region.
ol
0 r—h r
v :njrr_h(rz—XZ)dX=T{r2X—§X3T IR R A -
r-h To find the intersection point, solve
1
= Zmh®(3r-h) 3x2+3:ix2+5.
3 16
21. Sketch the r;agion. %xz -2=0
x2-16=0
x+4)(x-4)=0
x=-4,4

2 2
VZTEJ.A (ix2+5—2) —(ix2+3—2j dx
0116 16
=nj4 (ix4—§x2+9j
0 |\ 256 8

\/g —[ix‘l—gx2 +1de
To find the intersection points, solve %: -~ 256 8

4
y> oy =nj4(8—ix4jdx=n[8x—ix5}
=2 ol 32 160 Jo
164 32) 128

T

y2 -4y =0 =n(32—?): 5 ~80.42

y(y-4)=0

y=04 23. 24y

2 2 2 "'"\. (xaJd—x")
AV x| Y (zj ay=r| L= |ay
2 4 4 16 B
4 -
2 2 3 2 X hx
4
V=TCJ. l_y_ dy =T y__y_
014 16 8 48 0

:%zz.ogm i)
The square at x has sides of length 24— x% | as
shown.
V=j2 24— x? 2dx=j2 4(4 - x?)dx

-2 -2
37’ 8 8\] 128
_alax=X| -4 (s__j_[_8+_j _128
3 » 3 3 3
~ 42.67
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24. The area of each cross section perpendicular to

the x-axis is %(4)(2\/4— G ) = 4\/4_ X2,

The area of a semicircle with radius 2 is

I_ZZ Va—x? dx = 2x.
V= j_224\/4— X2 dx = 4(2) = 87 ~ 25.13

30.
25. The square at x has sides of length +/cos x .
/2 .
V= :T/Zcos xdx = [sin x]"/%, = 2

26. The area of each cross section perpendicular to

the x-axis is [(1—x?)—(1—x*)]? = x® —2x® + x*.

1
V= j_l(xg —2x8 4 x4)dx

1
:F)ﬁ 2y +1X5} _16
1

= ~ 0.051
9 7 5 |, 315

The square at x has sides of length v1- x2 .

1
3
V:'[l(l_xz)dx{x_x_} _2
0 3 |,

27.

28. From Problem 27 we see that horizontal cross

sections of one octant of the common region are
squares. The length of a side at height y is

\/rz - y2 where r is the common radius of the

cylinders. The volume of the “+” can be found
by adding the volumes of each cylinder and
subtracting off the volume of the common region
(which is counted twice). The volume of one
octant of the common region is

ro2 o ove 2. 1 ooy

Jo® =2y =r?y =yt
__ 13 23

3 3

Thus, the volume of the “+” is
V = vol. of cylinders - vol. of common region

2
=2(zr?l)-8| =r®
-8 21°)
= 27(2%)(12) —8(2(2)3] _ 967128
3 3
~ 258.93 in®

29. Using the result from Problem 28, the volume of

one octant of the common region in the “+” is

ro2 oy 21 oo
Jo =Dy =r?y-=ylo
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31.

32.

Thus, the volume inside the “+” for two cylinders
of radius r and length L is
V = vol. of cylinders - vol. of common region

:2(ﬂr2L)—8(§r3)

= 27zr2L—Er3
3

From Problem 28, the volume of one octant of
the common region is §r3 . We can find the

volume of the “T” similarly. Since the “T” has
one-half the common region of the “+” in
Problem 28, the volume of the “T™ is given by
V = vol. of cylinders - vol. of common region

=(2r?)(Ly + Lz)—4(§r3)

With r=2,14 =12, and L, =8 (inches), the
volume of the “T” is
V = vol. of cylinders - vol. of common region

=(zr?)(Ly + L2)—4(§r3)

= (7[22)(12+8)—4(§23)

_g0r-% in?
3

~229.99 in®

From Problem 30, the general form for the
volume of a “T” formed by two cylinders with
the same radius is

V = vol. of cylinders - vol. of common region

=(zr?)(Ly + L2)—4(§r3)

=7Z'r2(|_1+ L2)—§r3

The area of each cross section perpendicular to
2
.11 9
the x-axis is En[z(\/;— X )}

:g(x4 —2x>/2 +X).

_nmelo4 0502
V—Sfo(x 2x°"° + x)dx

1
:£[£X5_fx7/2+1x2} _ 9™ 0.050
8|5 7 2 ]y 560
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33. Sketch the region.

/

10

[ Y Y |
10x

a. Revolving about the line x = 4, the radius of
the disk aty is 4—3y? =4—y?/3,
_ (84 \,203\2
V_njo (4-y“'7)"dy

= nj:(16—8y2/3 +y*%)dy

8
24 3
_ n{ley_?ym +7y7’3}
0

=n(128—7—68+38—4j
5 7

_1024n

~91.91

b. Revolving about the line y = 8, the inner
radius of the disk at x is 8—\/x73 =8-x32,

v =nj;[82 ~(8-x%/%)? Jax
= rcj; (16x3/2 - x3)dx

4
= n{gx“2 —lx“} :n(%—64j
5 4" 5

_ 04T 44234

34. Sketch the region.
.\.
101

T

' T T T T 171

Y I N Y N
10x

a. Revolving about the line x = 4, the inner
radius of the disk aty is 4—3/y? =4—y?/3.

V= nj:[42 —(4— ymﬂdy

(8 5.2/3  4/3
=xf @y -y*P)dy

308 Section 5.2

35.

36.

37.

8
24 3
_ T{_ y5/3 __y7/3}
0

5 7
= n[7—28—37ﬁ) _ 346 31021

b. Revolving about the line y = 8, the radius of
the disk at x is 8—vx® =8-x3/2.
4
Vv :njo 6-x%/2)2dx

4
= njo (64-16x"2 + x3)dx

4

= 7:[64x—§x5’2 +1x4}

5 4

[ 1024 } 576m
=TT =

256—T+64 ~361.91

The area of a quarter circle with radius 2 is
2
Io 4-y?dy=n.

I()Z [2 4—y2 +4—y2}dy

- 2_[02 Ja-y? dy+J02 (4—y?)dy

2
= 2n+[4y—%y3} = 2n+(8—g)
0

= 2n+% ~11.62

Let the x-axis lie along the diameter at the base
perpendicular to the water level and slice
perpendicular to the x-axis. Let x = 0 be at the

center. The slice has base length 2+ r’> —x% and
height ﬁ
r

Vv :Z—hjr xVr2 - x2dx
r J0

3127
:2_h|:_1(r2_x2) :|:2_h[1r3jzgr2h
r 3 o I3 3

Let the x-axis lie on the base perpendicular to the
diameter through the center of the base. The slice

at x is a rectangle with base of length NG
and height xtané .

Vv :Ir2xtan9 r2 — x2dx
0

2 r
=[——tan o(r® —x2)3/2}
3 0

=Er3tan6
3
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38. a. x:\/% is A_—r f \/_ r2,

2
Slice horizontally. The center of an equnateral triangle is
2 243 1
~ y _ y —-—1r =——r from a vertex. Then the
AV ~ﬂ(<f/;] Ay—n(\/;JAy 3 2 \/5

height of a regular tetrahedron is

If the depth of the tank is h, then 5
h
—nj \/7dy [2 3/2} r? - —r 2—
0
:—Ah:—r

3& ' 3 12

The volume as a function of the depth of the

on 40. If two solids have the same cross sectional area at
tankis V(y)=——= 8/2 every x in [a, b], then they have the same volume.

3k

41. First we examine the cross-sectional areas of

. av each shape.
b Itis given that at -myy. Hemisphere: cross-sectional shape is a circle.
. . : : 2 2
From part a, d_V:iyUZ dy The radius of the circle at height y is re—ye.
dt Jk dt Therefore, the cross-sectional area for the
dy dy —myk hemisphere is
Thus, Ty =-m and — =
wVa ST M =7(r? =y )2 =x(r? - y?)
which is constant. Cylinder w/o cone: cross-sectional shape is a
washer. The outer radius is a constant , r. The
39. Let A lie on the xy-plane. Suppose AA= f (x)Ax inner radius at heighty is equal to y. Therefore,

the cross-sectional area is

A = ar? —7zy2 =7Z'(r2 - y2) .

Since both cross-sectional areas are the same, we
can apply Cavaleri’s Principle. The volume of
the hemisphere of radius r is

where f(x) is the length at x, so A= j f (x)dx .

Slice the general cone at height z parallel to A.
The slice of the resulting region is A, and AA,

is a region related to f(x) and A x by similar

triangles: V = vol. of cylinder - vol. of cone
z z
AA, =|1—— | f(X)|1-— |AX
: ( hj ) ( h) Zﬂrzh—iﬂrzh
9 3
=(1-5J f (X)AX _2 2
h 3
7)2 7\? With the height of the cylinder and cone equal to

Therefore, A, :(1—3) J'f(x)dx=(1—ﬁj A r, the volume of the hemisphere is

V= g7zr2 (r)= g7zr3
3 3

2 2
h
AV = AAz=A[1-| A2V =A['[1-7 | dz
h ol""h

h "
—A ——(1—5j -~ Ah.
30" h 3
0
a. A=nr?

V=2an=1nr2h
3 3

b. A face of a regular tetrahedron is an
equilateral triangle. If the side of an
equilateral triangle has length r, then the area
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5.3 Concepts Review 3. ab. &
1. 2nx f(x)Ax B
2 9. 2 2 | Ax
2. 27:.[0 x“ax; njo (4—y“)dy — ==
B Vi
3. ZnIZ 1+ x)xdx : :
0 t 4 X
2
4. 2 (L+y)(2-y)dy C. AV ~ 2mxy/X Ax = 2mx¥ 2Ax

3
d,e V= 2nj x3/24x = 2t [5 5/2}
0

36\3
5

Problem Set 5.3
n~39.18

1. a,b. y
2

[T
C
C. AV =2nx 1 AX = 2TtAX
' R ) i C. AV ~27x(9 - x?)AX = 2m(9x — x°)Ax
d ‘ d 4 2 1 4 8
L.V =2TCJ.1 x:Zn[x]1 =671 ~18.85 d,e. V :2n'[ (9x—x )dx 27{2 4X }
0
2ab —2n(§—§j=@~127 23
2 2
__a,\-+ 5. a,b. 3 _‘
~ Ax
1'2 » J}
| | 1
1 0 5. 6
X 2 -
C. AV = 2nx(x2)Ax = 2nx3AX e

1
d,e. vzznjl x3dx:27{lx4} T 157 C. AV = 2m(5-X)VXAX
0 4 |5 2 :2n(5x1/2—x3/2)Ax

5
d, eV =2n (5x1/2 - x3/2)dx
0

5
_ 27{&)(3/2 _EX5/2:|
3 5

0
=2n (50[ 10[] M ~93.66
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6. a, b. o C. AV ~2nx(3x — X?)Ax = 21(3x% — x3) Ax

T 1T

3
de V= 2“,[; (3x%2 = x3)dx = Zn[XS —%x“}

0
_ 2n(27—ﬁj _2Im pom
1) 2

2
9-x

III/

3-x . 9. a, b. Ly
2_

C. AV ~2n(3-x)(9—Xx?)AX
=2n(27 —9x-3x% + xg)Ax

"

3
de V= 2nj0 (27 -9x—3x% + x°)dx Z v

3 .
:2n[27x—2x2—x3+£x4} g
2 4 0

_on[81-8 97,81} 1357
2 4) 2

I =
o)

~212.06
C. AV~ Zny(yZ)Ay = 2ny3Ay

1
de V :2“,[; y3dy:2n[%y4} :gz1.57
0

10. a, b. |y
5
|
x 2= ‘
— Ay
1 4 B }
C. AV = 2nx ZX +1]-(@1-X) |AX -
B 1.4 2 l I l |
_Zn(zx + X ij 5y
C. AV = 2ny(ﬁ+l) Ay = 21t(y3/2 +Yy)Ay
d,e V =2nj1(1x4+x2jdx
0\4 4. 32
) d, e. V=2nj0 (v¥'2 + y)dy
5 1 3 1 1
=21 — X~ +=X =2n| —+— 2 1 4 64
20 3 20 3 —on _y5/2+_y2 _onl 2248
5 2 5
231 0
=——=241
30 _ 2087 130,69
8. a, b. y
10~ 11. a,b.
5.—
L ; -
Vi
2_"‘{Mé‘
—{_ Y
|
5% 1 L | | % ‘
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C. AV =2n(2- y)ysz = 2n(2y2 - y3)Ay 15. KL

2 2 3 1 4T
de V :2n'[0 (2y2—y3)dy:2n[_y3__y4}

= 2n(£—4j :8—nz8.38
3 3

3 47

2
c. AV ~2n(3- y)(\/2—y+1)Ay c. V= njf [[%H} —(—1)2}dx

=2n(3+3\/§y1/2—y—\/§y3/2)Ay

31,2y
- Il X_6+X3 X
de. v=2nj02(3+3ﬁy1’2—y—ﬁy3’2)dy
3 1
2 d V=2x (4—x)[—jdx
=2n{3y+2ﬁy3’2—1y2—&y5/2} h K
2 S 0 3(4 1
16) 88n =2l e e )™
:2n(6+8—2——j:—z55.29 X
5) 5
16. v
b 10— '
13. a. ﬁja[f(x)z—g(x)z]dx -
b. 2nj: X[ £ (x) - g(x)] d -
b B
c. 2nf (x=a)[f(0-g(x)]dx | L
3 x
b
d. 2nf (b-x)[f(0-g(x]dx a A:I; (3 +1) dx
d
1 a ol [ 17 -g()? |dy b. vzznjoz x(x3+1)dx:2njo2 (x4 + )dx
d
b 2nf y[f(y)-g(y)]dy o V=r[[6d+22-(-17]
2.6 3
d =n|_ (X° +4x°+3)dx
c. 2nf  B-N[f(y)-g(y)]dy b
d. V=2nj02(4—x)(x3+1)dx
= ZnIZ (—x4 +4x3 —X+4)dx
0
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y3 21. To find the intersection point, solve
17. To find the intersection point, solve /y =3

2 sin(xz) = cos(xz) .
Y tan(x?) =1
Y1024 2T
y® —1024y =0 4
y(y°> —1024) =0 X:ﬁ
y=0,4 2

Jril2
V= 27:].; y((—y—ngy V= Zn-l.o X[

32
) zznjoﬁlz [ xcos(x?) - xsin(x?) | dx
41 372 Y
_2 Y|4
“J.O [y 32} y

cos(xz)—sin(xz)]dx

1 1 Jril2
= Zn{—sin(xz) +—cos(x2)}
2 5/20 Y 64 32 647
B ] R Sy ~nl[ o | eV 10
0 N2 242) 2 '
~ 40.21
2n
3 22. V =21 X(2 +sin x)dx
18. VzZnJ; (4—y){f—%}dy Jo
2
=21tj‘07I (2x+ xsin x)dx
3 4
o (Y a2_\32_Y Y 2 2
_Zn.[o [4y y 8 +32]dy :Zn.[ " 2xdx+2nj * xsinxdx
0 0
4 2n
4 5 _ 2 . 2n
o §y3/2_3y5,2_y_+y_ —Zn[x Jo +2n[sin x—xcos x|,
3 5 32 160 5 )
0 = 2n(4n°) + 2n(-2n) = 4n° (2n—1) = 208.57

| ———-8+— ~ 43.56

3 5 5

_5 64 64 32) 208rn
23. a. The curves intersect when x =0 and x = 1.

1r2 ,2\2 1,2 .4
V=rx| [x—(x°)]dx=7|_ (x°—x")dx
19. LetR be the region bounded by y = Vb2 —x? | IO IO

1
1 1 11 2
y =—vb%—x? , and x = a. When R is revolved =”[§X3—EX5} =”(§—EJZE=O-42
about the y-axis, it produces the desired solid. 0
o (P 22 2 2 1 1
V_ana X(\/b —X +\/b —X jdx b. V=2nj0 X(X—X2)dX=2nIO (x? = x3)dx
b 2 2 1.5 23] 15 1,1 1 1) =«
= an[) xb? —x dx=an| (b2 ~x?) :27{_)( 1 } :27{___):_
3 a 37 4 3 4) 6
. l(bz_az)yz :ﬂ(bz_az)yz ~ 0.52
3 3 . . .
c. Slice perpendicular to the line y = x. At
(a, a), the perpendicular line has equation
[L2 2
20. y=+va®-x",-a<x<a y =—(x—a)+a=—x+2a. Substitute
\ =2njaa(b—x)(2 az—xzjdx y=-X+2ainto y=x2 and solve forx>0.
2
~ a [7 2. ., ra 2 2 X“+x-2a=0
—47‘CbJ‘_a a X< dx 4TC‘[_aX a X dx X_—lim
_ 1 2] _12_23/261_22 2
—4nb(27ta] 47{ 5@ —x9) _a—27‘ a’b X_—1+m
(Note that the area of a semicircle with radius a is 2

fa VaZ - x? dx :%na2 )
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Substitute into y = —x + 2a, so

= 1+4a+ /1+8a . Find an expression for
, the square of the distance from (a, a) to

2
( 1+x/1+8a 1+ 4a—x/l+8a]

2

{a —1+\/1+—8}

r =

{ 1+4a—\/1+—8}
{2a+1—\/1+8 }
{ 2a+1—\/1+8 }

2
_2{2a+1—\/1+8a}

2
—2a%+6a+1-2a/1+8a-+1+8a
AV ~ nrzAa

1
V= njo (2a° +6a+1

—2av1+8a-+/1+8a) da
2 1 !
= ﬂ[—a3 +3a% + a——(1+8a)3/2}
3 12 0
—ﬂj; 2a+/1+8ada
=7 [§+3+1—2J—(—ij
3 4 12
—ﬂjl 2a+/1+8ada
=7—7r 2a\/1+8 da

To integrate jo 2a+/1+8ada, use the
substitution u=1 + 8a.

1 91 1
jo 2a+/1+8a da:jl S —1)JU§du
_ij‘g(u3’2—u1’2)du

9
1 [2 Rk 2u3’2}
"3 3

)2

_om 149 _ ™ 5050
2 60 60

24. AV ~ 4nx’Ax
V= 471'[r x2 dx = 4n[lx3} =—T7r
0 3 3

2

25. AV ~ > SAx
r.2

r
_%Ir x2dx=%[lx3} :lrS
r 0 r 3 0 3

5.4 Concepts Review

1. Circle
x2 + y2 =16c0s’ t+16sin°t =16

2. X; X2 +1

3 j: SR +[o @ a

4. Mean Value Theorem (for derivatives)

Problem Set 5.4
1 f(x)=4x%2 f'(x)=6x"2
_ 11272 4o _ 2
L—.[1/3 1+ (6x°) dx—J.1/3\/1+36xdx

5
[ 12 (1+36x)3’2}
36 3 3

- 5(181\/181 —13\/E) ~44.23

2. f(x)= %(x2 +1)%2 £1(x) = 2x(x? +)M?

12 |y Towre? L yl/2 72
L _.[1 \/1+ _2x(x +1) J dx
= Jf Vaxt +4x? +1dx = jlz (2x2 +1)dx

-2
:Fx3+x :(E+2J [2+1j:£~567
3 h 3 3 3

314 Section 5.4 Instructor’'s Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material

may be reproduced, in any form or by any means, without permission in writing from the publisher



3. f(x)=-x21%%2

6.
, 3 213 1/2( 2 —1/3}
f'(X)==(4-x —Zx
(x) 2( ) 3
_ _x U3 g2I3y112
_ (8 ~1/3 2/3\1/2
L_.[l \/1+[—x (4—x°"7) J dx
8 8
= L Vax~213 dx = L 2x 3dx
3 8
=2{—x2/3} =3(4-1)=9
2 1
4 3
4 t=Xr3.x, 1
6X 6 2Xx
7. Y
1.—
I I I O I I |
I x
LR
2 6 6 2 3 at at
1 1
- 1 L:jo J(t?)? + (1) dt:jo t4 +t2 dt
v (M= | L2 40?2 1 242 -1
_Io 13 0_3( )
~0.61
- 1 1 8 |50—'\
=I y +=+—dy = B
3416 2 b -
3 N
2
I_3 _(yT“L%de:{ B
y -
=— (l_lj_(g_ij ¢ A _
8 16 18 150
WX g B _ g2
dt ' dt
L= [ (617 + (612)2 it = [ V36t? + 36t
_ 2 23327
= [/ 61+t dt—[2(1+t ) ]1
= 2(17@ -2 ) ~134.53
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9'IIIlI'\‘IIIII_

3
I 12. x:y+E

a(y) = y+§, 0'(y) =1

L= [ e @2 =V2[ dy=2v2

3 5
-101 Aty=1, x= 1+2 >
3 9
%:4@05'[]&:_45““ Aty=3, x=3+ E E
2
L= |7 (acost)? + (~asint)? dt d :J@_gj +(3-12 =\B=2\2
=In \/16coszt+16sin2tdt :jn 4dt
° 0 dx dy
=4n ~12.57 13. E=1,E=2t
10 Y

1 L:.[OZ«/12+(2t)2 dt:J()Z\/1+4t2 dt

Letf(t)=v1+ 42, Using the Parabolic Rule

h
I

withn=8
N Lzz_o{f(0)+4f[ )+2f( j+4f( j
4 3x8 2 4
2f(Q)+4f 2f 4f f(2
3t—2\/§(:052t%: 2J§5ln2t 20 ( j+ [ j+ ( j+ @]

nl4 2 5 zﬁ[l+4><1.118+2x1.4142
L= \/2 5cos2t) +(—-2+/5sin2t) dt
Jo ( 5 ) ( V5 ) +4x1.8028+2x2.2361

14 14
= [ V20005 2t + 20sin? 2t dt = [ 25 ot +4x2.6926+2x3.1623
+4x3.6401+4.1231] ~ 4.6468
_5n
2

~3.51

14, %:m,%:i\[
11 f(X)=2x+3 /() =2 2

L:f 1+(2)2dx=J§jl3dx:2J§ L~ j (2t) +[ Jdt j |42 +—dt

Atx:lyy:2(1)+3:5.
Atx=3,y=2(3)+3=09. Letf(t) =

d=+(3-1)%+©9-52%=v20=25

4t2 +%. Using the Parabolic Rule

withn =

L~ 4- 1{f(l) 4f( j Zf(“J
3x 8
+4 f (17j+2f (2Oj+4f (23j+2f (26j
8 8 8 8
+4f( j+ f(4)} (2 0616+4x2.8118

+2x3.562+4x4.312+2x5.0621+4x5.8122
2x6.5622+4x7.3122 + 8.0623) ~15.0467
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15.

X _ cost, &

dt dt

L= J.(;Z/Z\/(cost)2

=-2sin 2t

+(—2sin 2t)2 dt

/2 } )
= L;t \/9a2 cos? tsin*t +9a2sin? tcos* t dt

/2 . -
= L;t \/Qa2 cos® tsin? t(sm2t+(:os2 t) dt

= I”/ cos? t +4sin? 2t dt = In 3acostsintdt = 3a| - ~cos?t| =2
0 0 2 0 2
Letf(t)= \Jeos? t +4sin2 2t. Using the (The integral can also be evaluated as
. . _ /2
Parab(/)lzlc EUIE with n = Sa[lsin2 t} with the same result.)
_m/2— 0
phrre 3x8 {f(O) 4f[ j+2f(1ej The total length is 6a.
3z T T 67
4f| — |+2f| — |+4f| —= |+2f| — oT = pT) =
* (16j+ (16j+ [16J+ (16j 18. a OT = length (PT)=a0
+4f ( )Jr f ( H ~ £[1+ 4x1.2441 b. From Figure 18_0f the text,
16 2 48 ) pQ PQ q QC QC
+2x1.6892+ 4x 2.0262 + 2x 2.1213+ 4x1.9295 Sing === = and cosf === ==".

+2x1.4651+4x0.7898 +0) ~ 2.3241

Therefore PQ =asing and QC =acosé .

16, 1 W o2y c. x=0T-PQ=ad-asind=a(@-sin6)
dt ' dt — ==
y=CT -CQ=a-acosd =a(l—cosé)
L= J.”/4\/12 +(sec2 t)2 dt = j”/4V1+ sec* t dt
0 0
19. From Problem 18,
Letf(t)=v1+ sectt. Using the Parabolic x=a(@-sind),y=a(l—cosH)
. 7/4-0 r dx dy .
Rule withn=8, L ~ fO)+4f| — —=a(l-cosd),——=asind so
3x8 { @+ (32} g~ )46
2 2
+2f( j+4f( J Zf( j+4f( j (%j +(ﬂj :[271(1—(:056')]2+[asin6?]2
32 32 32 32 do do
_ 2 52 2 2 2.2
+2f(6_ﬁ)+4f[7_ﬂj+f(£j:| =a“®-2a“cosd+a“cos” @+a-sin“ o
32 32 4 =2a° —2a% cos 0 = 2a° (1—cosé@)
z%[1.4142+4><1.4211+2><l.4425+4><1.4807 _ 42120080 _ 42 i (ﬁj ,

2 2
+2x1.5403+4x1.6288+2x1.7585 The length of one arch of the cycloid is
+4x1.9495+ 2.2361] ~ 1.278 ) p; ) P

j " 4azsin2(—Jd¢9:j n2asin(—jd¢9
17. y 0 2 0 2

% — 3acostsin? t, ﬂ - _3asintcos®t

The first quadrant length is L
/2 : -
= jg \/(3<’:1COS'ESIn2 t)? + (-3asintcos? t)? dt

0 2n
= 2a[—2 cosa} =2a(2+2)=8a
0
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20. a. Using 0 =wt, the point P is at x = awt —asin(wt), y=a—-acos(wt) attimet.
:jj)t( =aw —aw cos(wt) = aw(l— cos(wt))

dy .
— =awsin(wt
i (wt)

2- (3] {a]

dt dt dt

N 2 _ 2 2
\/a w*” sin (a)t)+a w? -2a%w cos(a)t)+a w? cos (a)t) \/Za —2a“w” cos(wt)

= 2aw, /E(l—cos(a)t)) =2aw, /sin2 %t =2aw

b. The speed is a maximum when

.ot
SIn—|

sin %t‘ =1, which occurs when t = £(2k +1). The speed is a minimum when
(4]

sin %t‘ =0, which occurs when t = & .
w

¢. From Problem 18a, the distance traveled by the wheel is a6, so at time t, the wheel has gone aé=awt miles.
Since the car is going 60 miles per hour, the wheel has gone 60t miles at time t. Thus, a® = 60 and the
maximum speed of the bug on the wheel is 2aw = 2(60) = 120 miles per hour.

21. a. ﬂ: x3 -1 b. %:—asint+asint+atcost=atcost
dx dt
2 2
L=L V1+ X3—1dX=I1 3 2dx %:acost—acost+atsint:atsint
2
1
=Fx5/2} :3(4\/5—1)z1.86 L:.[ Va2 cos? t + a%2 sin? tdt
5 1 5 -1
1 1 0
_ =" |at|dt =] atdt—[" atdt
b. f'(t)=1-cost, g'(t) =sint -1 0 -1
1 0
t a. a. a a_
" - = =te| —|=t =—+—-=a
L= j 2—-2costdt = I sm(zj dt {2 L [2 }1 55
sin(%) is positive for0<t< 2, and 23. f(x)=6x, f'(x)=6
by symmetry, we can double the integral A= 2nj16x\/1+ 36dx = 1243771[1 xdx
0 0
fromOto2rx. 1
27 1 2
2 - - - ~
L=4j nsin(ljdt:[—Bcosl} —12«/377{2X } =6v37n ~ 114.66
0 2 0 0
=8+8=16

24, f(x)=+v25 f(x)—
22. a. ﬂ:x/64sin2xcos4x—1 V2

dx

L:JT?//:\/1+64sin2c054x—ldx A= 2”.[ V2

25x

/3
3. T -

= In 8sin xcos? xdx = [—gcos?’ x} 2”.[ 25-x* +x*

n/6 3 /6

1 =2n j , 5ax =10n[x]%, =501 ~ 157.08
=—Z+3~1.40 B

3
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3
25. f(x)=", f'(X)=x° 29. y=f(x)=vr2-x?

F1(%) = —x(r2 - x2)™1/2

J—x
A=2 1+ x* dx 2
nj 3 A= 27rj Vr2 —x \/1+ x(r 1’1
1 7 T
:27{—(1+X4)3/2} = 2(250v2-242) =27rj Jr? —xz\/1+x (r? —x?)Ldx
18 .9
- 2y-1
:248gx/§ ~ 122.43 27rj \/ 1+x (r —X9) )dx
—erj r? —x? + x2dx
%6, f _x6+2_x4 1 £ _x3 1 \/— r r 2
- T = “ 8 T2 (X)—7——3 :Zﬁj_r r dx:ZﬁI_rrdx:Zﬂrx|_r:4ﬂr

30. x= f(t)=rcost
y=g(t) =rsint
f'(t) =-rsint
g'(t) =rcost

A= 272'.[; rsint\/(—r sint)2 +(r cost)zdt

= ZﬁJ'(;T rsint\/r2 sint+r2 cos? tdt

7
:27-5'.-3 X_+%+i dx 227Z'J.ﬂ—r5int\/r—2dt
1016 16 gx° 0
T2 2 V3
=2x|_ resintdt = -2zr° cost |
o X, 1 k i
128 32 3¢* | =-2r?(-1-1) = 4xr?
o [6561 27 1 ) (i i_i} 31. a. The base circumference is equal to the arc
128 32 2592 128 32 32 length of the sector, so 2nr = 6l. Therefore,
2nr
_ 8429n ~326.92 0 _i

dx dy ) b. The area of the sector is equal to the lateral
27. — =3t surface area. Therefore, the lateral surface

dt dt
area is lI26?—1I2 2nr ) _ rl
A=2nj0t3 1+0t4dt PR S T b

1
_ Zn[i(l+9t4)3/2} :1(10@_1) c. Assume r, >r;. Let | and |, be the slant
o4 o 27 heights for r and r,, respectively. Then

~ 3.56 A=mnyly — il =nr (I +1) -l .

28, X_ W _, From parta, 6 = 2nty _ 2t _ 27
dt dt b L+l |
1 p -
AZZTCJ‘OZt 4t2+4dt :Snjot t2 +1dt Solve for |1.|lr2 Ilrl+lr1
1 |1(r2 — rl) = Irl
—8TE|:1('[2 +1)3/2} :8_75(2\/5_1) ~ 15.32 L= In
3 o 3 ' -y

Ir; Ir;
A=TCI’2[ L 4l|-np 1
h—-h fh—h

= n(lr, +11,) = zr{r”zr? }
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32. Put the center of a circle of radius a at (a, 0).
Revolving the portion of the circle from x = b to
X = b + h about the x-axis results in the surface in
question. (See figure.)
v

_: b a b+h ’ X

The equation of the top half of the circle is

y=\/a2 —(x—a)2.
dy _ —(x-a)
dx a2—(x—a)2

2
A= Zn'[;)m\/az —(x- a)2 1+ &dx

a® —(x—a)2

34.

35.

b+h
=2
b

b+h
=2njb+ adx = 2ma[x2*" = 2z ah

\/a2 —(x—a)2 +(x—a)2 dx

A right circular cylinder of radius a and height h
has surface area 2 = ah.

33. a. LU =a(l-cost), Yy =asint
dt dt

2
A= Zn-[o T a(l-cost)-

\/az(l—cost)2+a25in2t dt
2
= 2na.[o i (1—cost) 2a’ —2a° cost dt
2
= 22na’® jo i @- cost)3/2 dt
ot
b. 1-cost=2sin (Ej SO
_ 2(2m3/2 . 3t
A—Z\/Ena .[o 27 “sin [Ejdt
2n . .
:Snaz.[ " S|n(£j5|n2[£jdt
0 2 2
2n .
:Snaz.[ nsm(lj 1—cos® (Lj dt
0 2 2
2n
—8na?| —2cos t +gcos3 t
2) 3 2)],
:8na2K2—g —(—2+3H 04 a2
3 3

=—nma
3
320 Section 5.4

ox = —asint, ﬂ =acost
dt dt
Since the circle is being revolved about the line

X = b, the surface area is

2 .
A= ZnJO n(b - acost)\/a2 sin t+a® cos tdt

= 2naj()2n (b—acost)dt

= 2na[bt —asint]d" = 4nab

d. 1

e. 1
O RN T
NSNS G N
XX ¥l
i/ :0!& ‘:::‘%?)é%}&;l
% ) ',I'
A """::2/}1{\\
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36. a. f'(t)=-3sint, g'(t) =3cost

2 )
L :.[On 9sin?t + 9cos? tdt

2
- jo“sdt =3[t]5" =6n ~ 18.850

b. f'(t)=-3sint, g'(t) = cost
2
L= .[o "J9sin?t + cos? tdt ~13.365

c. f'(t)=cost-tsint, g'(t) =tcost+sint

6 5 )
L :J'OTE\/(cost—tsmt)2 +(tcost+sint)?dt

- Isn\/1+t2dt ~179.718

d. f'(t)=-sint, g'(t) = 2cos 2t
2n [
L:.[On sin®t +4cos? 2t dt ~ 9.429

e. f'(t)=-3sin3t, g'(t)=2cos2t

2 .
L= jO”Jgsmz 3t+4c0s2 2t dt ~ 15.289

f.  f'(t)=-sint, g'(t) = Tcosnt

40 [
L:.[0 \/sm2t+n2 cos® it dt ~ 86.58

3. 1

0 0.2 0.4 0.6 0.8 1

y=xYy =1,
1 1
L= ﬁdx=[x/§x] = J2 ~1.41421
0 0
1
y=x2,y =2x, szO\/1+4x2dx ~ 1.47894
1
y=x*y=4ax3 L =IO\/1+16x6dXz1.60023
y=x0 y =10,
1
|_=j0 1+100™8 dx ~1.75441

y= XlOO, y! _ 100X99,

L=] ;\/1+10, 000x'%8 dx ~1.95167

When n = 10,000 the length will be close to 2.

Instructor's Resource Manual

w

1.

5.5 Concepts Review

F.(b—a);j: F(x) dx

30-10=1300

. the depth of that part of the surface

ohA

Problem Set 5.5

F(lj=6;k-£=6,k=12
2 2

F(x) = 12x
1/2
wzj“z 12xdx=[ 62| _3 Z 15
0 0o 2

From Problem 1, F(x) = 12x.
2 2
W= [ 12xdx = [GXZJ = 24 ft-Ib
0 0
F(0.01) = 0.6 k = 60
F(x) = 60x
0.02 0.02
W= 60xdx = [30x2] =0.012 Joules
0 0

F(x) = kx and let I be the natural length of the
spring.

9-1
W:J‘g_I kx dx = 1kx2
8- 2

81

1 2 2
=Sk @1-181+1%) - (64161 +1%)

=%k(l?—2l) =0.05

Thus, k = L.
17-2I
10—
w= " kxdx= F kxz}
91 2 o

_1 2 2
_Ek[(100—20I +12)—(81-181 +1 )]

=%k(19—2l) -0.1

Thus, kzﬁ.
19-2I
Solving 01 02 .15

17-21 19-21" 2°
Thus k = 0.05, and the natural length is 7.5 cm.
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10.

322

d 1,7
W =j kxdx = | — kx>
0 2 o

1, 2 1, 2
=—k(d“ -0)=—kd
2 ( ) 2

F(8)=2:Kki6=2k=—

8
27
W:J‘27 Loy 11373 _ 6561
0 3 87 |, 56

~ 117.16 inch-pounds
2 1,7

W =j 9sds:9[—32} =18 ft-lb
0 2 0

One spring will move from 2 feet beyond its

natural length to 3 feet beyond its natural length.

The other will move from 2 feet beyond its

natural length to 1 foot beyond its natural length.

W =J‘23 6sds+J‘21 6sds =[332E +[352le

=3(9-4)+3(1-4)=6 ft-Ib

. A slab of thickness Ay at height y has width

4—% y and length 10. The slab will be lifted a
distance 10 —y.

AW =~ 5~10-(4—%yjAy(lO— y)

=85(y? —15y +50)Ay

w =j0585(y2—15y+50)dy
5

= 8(62.4){1 y3 _B y2 +50y}
37 2 o

=8(62.4) (1275 —3% + 250} = 52,000 ft-Ib

A slab of thickness Ay at height y has width

4—% y and length 10. The slab will be lifted a
distance 8 — .
AW = 5-10-(4—§yjAy(8— Y)

:?5(24—11y+ y2)Ay

340
w =J.0?5(24—11y+y2)dy

3
40 11 5, 1 5
=22(62.4)| 24y ——y? 4=
3 ( )[ y-2y 3VL

- %(62.4)(72 —%+ 9) 26,208 fi-Ib

Section 5.5

11.

12.

13.

A slab of thickness Ay at height y has width

%y +3 and length 10. The slab will be lifted a
distance 9 —y. AW =~ 5~10~(% y+3jAy(9— Y)

:§6(36+5y— yz)Ay

415
w =J'075(36+5y—y2)dy

4
15 5 5 1 ;4

=2(62.4)| 36y +>y> ——
5 )[ y+3y 3yL

= E(62.4)(144 +40 —ﬁj
2 3
=76,128 ft-lb
A slab of thickness Ay at height y has width

246y — y2 and length 10. The slab will be lifted
a distance 8 — .

AW = 5-10-24/6y - y> Ay(8—Y)
=205,/6y - y* (8- y)Ay
3
W :_[O 205w/6y—y2 (8—y)dy
3
=205 6y —y* (3-y)dy
3 2
+205j0 J6y—y? (5)dy

3
- 205[%(@— y2)3/2} +1005j03 6y -y dy
0

3
Notice that J.() A6y — y2 dy is the area of a

quarter of a circle with radius 3.
W =206(9)+1000 (% n9j
=(62.4)(180 + 2257 ) ~ 55,340 ft-1b

The volume of a disk with thickness Ay is
16mAy . If it is at height y, it will be lifted a
distance 10 —.
AW ~ 5167AY(10 - y) =1615(10 - y)Ay

10 1 5 10
W = jo 16n5(10— y)dy = 167:(50)[10y—E y }

=167 (50)(100 — 50) ~ 125,664 fi-Ib

0

Instructor’'s Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material
may be reproduced, in any form or by any means, without permission in writing from the publisher.



14.

15.

The volume of a disk with thickness AXx at height
Xis m(4+ x)2 AX . Tt will be lifted a distance of

10 —x.

AW =~ (4 + X)* AX(10 - X)

= 15160+ 64X + 2x% — x> )AX

10
W = jo 18160+ 64x +2x% — x> )dx

10
= Tc(50)|:160X+32X2 +2x3 —lx“}
37 4,

= n(SO)(1600 +3200+ @ - 2500}
= 466,003 ft-1b

The total force on the face of the piston is A - f(X)
if the piston is X inches from the cylinder head.
The work done by moving the piston from

X, t0 Xy is W :jxxz A- f (x)dx = ijxz f(x)dx .
1 1

This is the work done by the gas in moving the
piston. The work done by the piston to compress

the gas is the opposite of this or Aj:l f(x)dx .
2

19.

20.

The total work is equal to the work W to haul the
load by itself and the work W, to haul the rope by
itself.

W; =200-500 =100,000 ft-1b

Let y = 0 be the bottom of the shaft. When the
rope is aty, AW, = 2Ay(500—-Y).

5 500

00
W, = j 2(500— y)dy = 2[500y—l yz}
0 2
=2(250,000 — 125,000) = 250,000 fi-Ib
W =W, +W, =100,000+ 250,000
=350,000 ft-b

0

The total work is equal to the work W, to lift the

monkey plus the work W, to lift the chain.

W; =10-20=200 ft-1b

Let y = 20 represent the top. As the monkey

climbs the chain, the piece of chain at height y

(0 £y < 10) will be lifted 20 — 2y ft.

AW, = %Ay(zo -2y)=(10-y)Ay
10

_ 1o _ | )
W, = [ (10~ y)dy = [wy Y }

=100 —-50=50 ft-1b

0

16. c=40(16)'"* W= W, +W, =250 fi-Ib
A=1pv)= cv 4
F(x) = ox 14 21 f(x) =L2; £ (4000) = 5000
X
16 2

N=T=16x=7=2 K £ =5000., k = 80,000,000,000

g y 4000
w = ©ox Mk = c[—Z.Sx‘O"‘J 4200 80,000,000, 000

2 2 W = — 2 dXx

4000 X2

17.

18.

=40(16)"* (=2.5)(16704 — 2704
~ 2075.83 in.-Ib

c=40(16)""
A=2;pv)= cv 14
f(x)=c2x)"*

16 2
X=—=8X%X =—=1
) )

W=2 LS c2x) M dx = 2¢ [—1,25(2)()—0.4 f

=80(16)"*(~1.25)16 704 2704
~ 2075.83 in.-Ib

80 Ib/in.2 = 11,520 Ib/fi2
c=11,520(1)"* =11,520
AW ~ p(V)Av =11,520v" Ay

W = j141 1,520v " 4dv = [—28,800v_0'4 r

=-28,800(47%4 —179%) ~ 12,259 ft-Ib

22.

4200
= 80,000,000, 000[——}

X 14000
:—20’0(2)(1)’000 ~ 952,381 mi-Ib

k . .
F(x)= — where X is the distance between the
X

charges. F(2) = 10;; =10,k =40

5
W= 5ﬂdx={—ﬂ} =32 ergs
12 X |,
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23. The relationship between the height of the bucket 26. Lety measure the height of a narrow rectangle

and time is y = 2, so t = 1 y . When the bucket is with 0 <y <3. The force against this rectangle
' 2

atdepth 5—yis AF = 6(5-Yy)(6)Ay. Thus,
a height y, the sand has been leaking out of the P Y (G=yN6)ay

3
2
bucket for %y seconds. The weight of the bucket F= ‘[03 S(5-y)6)dy =65 {sy _yj}
0
and sand is 100+500—3(% yj = 600—% y. =6-62.4-10.5=3931.2 pounds
AW ~| 600— 3 y |y 27. Place the equilateral triar}gle in the coordinate
2 system such that the vertices are
80 (=3,0),(3,0) and (0,-3+/3).
80 AIACH 5
w = [ 600-2y |dy =| 600y~ y? | ( | .) |
0 2 4 0 The equation of the line in Quadrant I is
= 48,000 — 4800 = 43,200 ft-1b =3 -x-343 orx:%+3.
24. The total work is equal to the work W needed to 3
fill the pipe plus the work W, needed to fill the AF ~ 5(—y){2[i 4 3JJ Ay and
tank. NG)
2
1 ony 0 y
AW, =8| = | Ay(y)="2A F- w2 L
| [J y(y)===4y j_ma‘( y)[ (\/3+3Ddy
ooy, (624)n[1 ,T° 0 2
Wl:j() W=y =26 Y 43y ldy
4 4 127 ] =33\ f3
~ 22,054 ft-1b 0
. . 3 2
The cross sectional azrea at height y feet _ o5 y +3L —2.6240-13.5)
(30<y <50) is zr” where 33 33
r =102 (40— y)? =y +80y 1500 . =1684.8 pounds

2 3 2
AW, = onrAy y = dn(-y” +80y~ ~1500y)Ay 28. Place the right triangle in the coordinate system
0. 03 2 such that the vertices are (0,0), (3,0) and (0,-4).
W = -[30 on(=y” +80y” ~1500y)dy The equation of the line in Quadrant IV is

50 4 3
1 4 80 v 2
:(62.4)7{—Zy4+?y3—750y2L) y=gx-dorx=_y+3.

3
AF = 5(3-y)| =y +3 |Ay and
- (62.4)1{[—1,562,500+wq,87s,oooj ( Y)[4 y j yan
0 3 3 5
—(~202,500+720,000-675,000) | F= I_45(9—Zy—zy jdy
~ 10,455,220 ft-Ib . 4
W =W, +W, ~10,477,274 fi-Ib :5{9)/_3;; _y_:l erang
25. Let y measure the height of a narrow rectangle -
=1622.4 pounds
with 0 <y <3. The force against this rectangle
. 1
atdepth 3 —yis AF ~ 5(3—y)(6)Ay. Thus, 29. AF ~&(1— y)(ﬁ )Ay; F= josa— y)(ﬁ)dy
3
2 1
3 _ 1/2 3/2
F:J‘05(3—y)(6)dy:65{3y—y7} —5JO(V/ —y¥ )dy
0 1
2 2 4
= 6-62.4(4.5) =1684.8 pounds = 5{— y2-= yS/Z} = 62.4(—)
3 5 0 15
=16.64 pounds
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30.

3L

32.

Place the circle in the coordinate system so that
the center is (0.0). The equation of the circle is

X2+ y2 =16 and in Quadrants I and IV,

x=416—y>.AF ~ 5(6— y)(2\/16— y? )Ay
F- I:(S(s— y)(Z«/l6— y2 jdy

Using a CAS, F ~ 18,819 pounds.

Place a rectangle in the coordinate system such
that the vertices are (0,0), (0,b), (a,0) and (a,b).
The equation of the diagonal from (0,0) to (a,b)

isy= E XorX= % y. For the upper left triangle 1,
a
a
AF = 5(b- y)(E yjAy and

b a
F=joé(b—y)[gyjdy

b a ay? ay’ °
=y =0 -5

0

2 2 2

_s| 3 _ab” ) cab”
2 3 6

For the lower right triangle II,
AF = 5(b— y)[a—% yj dy and

b a
F=joé(b—y)(a—5yjdy
_ (P _ an
_Iod(ab 2ay+by jdy

b

3 2

=0 aby—ay2+i =0 abz—ab2+£
3b 3

0
2
_gab”
3
The total force on one half of the dam is twice the
ab?
s
total force on the other half since 3 = 2.
ab
f phandll
6

Consider one side of the cube and place the
vertices of this square on (0,0), (0,2), (2,0) and
(2,2).

AF ~ 5(102— y)(2)Ay: F = joz 25(102— y)dy

2

2

= 25{102y —yTZI =2-62.4-202=25,209.6
0

The force on all six sides would be 6(25,209.6) =

151,257.6 pounds.

33. We can position the x-axis along the bottom of

the pool as shown:

20
/

X

From the diagram, we let h = the depth of an
arbitrary slice along the width of the bottom of
the pool.

20

4

Using the Pythagorean Theorem, we can find that
the length of the bottom of the pool is

V20% +4% =416 = 426

Next, we need to get h in terms of X. This can be
done by using similar triangles to set up a
proportion.

Dod_ X heas

4
4 426 - V26

AF =6-h-AA

F :J-:mﬁ(4+%j(10)dx

J'4m62.4[4+ij(10)dx

V26

624]45[4 X )d
= +—— |dx
0 V26

2 :|4\/%

X
226
= 624(16v26 +8+/26 ) = 624( 24126
~14,97626 b (~76,362.92 Ib)

= 624{4x+
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34. If we imagine unrolling the cylinder so we have a

35.

flat sheet, then we need to find the total force
against one side of a rectangular plate as if it had
been submerged in the oil. The rectangle would

be 27(5) =107z feet wide and 6 feet high.

Thus, the total lateral force is given by

6
F =J' 50-y-10zdy
0

_ 8 v 27
- soofzjo ydy =[2507y* |
=2507(36) =90007 Ibs ( ~28,274.33 Ib)

Let W, be the work to lift V to the surface and
W, be the work to lift V from the surface to 15

36.

First calculate the work W, needed to lift the

contents of the bottom tank to 10 feet.
AW; = 540Ay(10—-y)

W, = j;‘ 540(10— y)dy

4
- (62.4)(40)[—1(10 - y)ﬂ
2 0

= (62.4)(40)(-18 + 50) = 79,872 ft-Ib
Next calculate the work W, needed to fill the top

tank. Let y be the distance from the bottom of the
top tank.

AW, = 6 (36m)AY Y

Solve for the height of the top tank:

160 4
feet above the surface. The volume displaced by 36mh=160;h = 160 _ 40
the buoy y feet above its original position is 36m on
2 3 40/97n
W, = o36myd
lrc(a—iyj (h—y)zlnazh(l—lJ . 2 -[ ey
3 h 3 h 0/
5 y 3 =(62. 4)(367t){ }
The weight displaced is gna h(l _F) .
. o 5 o = (62.4)(367:) 800 ~ 7062 ft-1bs
Note by Archimede’s Principle m = Ena h or

a’h= %n , so the displaced weight is

o —%J’

47
h( yj 3mh
=m|y+—|1-= =—
4 h 4

W, =m-15=15m

W =W, +W, :%hHSm

37.

W =W, +W, ~ 86 934 ft-lbs

Since & L ma’ (8) =300,a = /ﬁ
3 218

When the buoy is at z feet (0 < z < 2) below
floating position, the radius r at the water level is

8+12 /225 8+12
( 8 j 2o\ 8

F =5Gnr2)(8+ 2)—300

:£(8+z)3 ~300
128

(2l 75 3
W = jo [ﬁ(m 7) SOO}dz
2

= {ﬁ(m 2)* —3002}
512

_ (46,875
32

_84T5 h64.84 filb
32

0

- 600) — (600 0)
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5.6 Concepts Review

=

right; 43‘;23 =22
+

2.5; right; X(1+x); 1 + X
1;3

.40
16° 16
The second lamina balances at X =3, y=1.

The first lamina has area 12 and the second
lamina has area 4.
%o 12-1+4-3 _ﬁ 7= 12-3+4-1 _ﬂ

12+4 1 12+4 16

Problem Set 5.6

1.

2-5+(=2)-7+1-9 _i
5+7+9 21

X =

Let X measure the distance from the end where
John sits.
180-0+80-x+110-12

180+80+110
80x+1320=6-370
80x =900
x=11.25

Tom should be 11.25 feet from John, or,
equivalently, 0.75 feet from Mary.

Io7 x/x dx ~ [%Xm}; _ %(49*/7) 21

X = J_07 Jxdx _[§X3/2](7) %(7\/7) "5
7:"07 x(1+x3)dx:Bx2+;x5J;

[ @ [x%x‘*];

49 , 16807) 33859
2 5 0 _ 9674

= = = ~5.58
2401 2429
(7+T) 4 1735
My =1-247-3+(-2)-4+(-1)-6+4-2=17

My =1-2+1-3+(-5)-44+0-6+6-2=-3
m=2+3+4+6+2=17

M
7:_3’:1,7:&:_1

m m 17

Instructor's Resource Manual

6. My =(-3)-5+(-2)-6+3-2+4-7+7-1=14

My =2-5+(-2)-6+5-2+3-7+(-1)-1=28
m=5+6+2+7+1=21

. Consider two regions R; and R, such that Ry is

bounded by f(x) and the x-axis, and R, is
bounded by g(x) and the X-axis. Let R; be the
region formed by R; —R, . Make a regular
partition of the homogeneous region R; such

that each sub-region is of width , AX and let X be
the distance from the y-axis to the center of mass
of a sub-region. The heights of R; and R, at X

are approximately f(X) and g(x) respectively. The
mass of Rj is approximately

Am = Amy —Am,
~ & f (X)Ax =5 g(X)Ax
= o[ f(x)—g(x)]Ax
where ¢ is the density. The moments for R; are

approximately
My =My (R)=My(Ry)

~ 21 0P ax=2 g0
= LT OOF Ax=—[g 001" Ax

_0 2 2
=2 (100" ~(g(x))” |x
My = My(Rl)_ My(RZ)
~ X6 f (X)AX — XO g(X)AX
= xo[ f(x) - g(x)]Ax
Taking the limit of the regular partition as

AX — 0 yields the resulting integrals in
Figure 10.

_‘f

1 2 3

f(X)=2-%x09(x)=0

joz X[(2 = X) — 0]dx
2

jo [(2—Xx)—0]dx

~ j()z[Zx —x? ]dx

X =

B joz[z — x]dx
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10.
X2—7X 4 —

4_
2x——x J

w

| :
E 2

I N EE N

y: 2
2 —x)—0]dx 4 4
Io[( )0l I x(lxz)dx L1 x3dx
2 ) x=20 1 =30
f0[4—4x+x Jdx J‘4 1y2qx L[* 32 dx
1[1 4]4 64
25X 64
(4x—2x2+1x3) g8+ 3L Jo 3 g
3 B 4 7 64
- 0 _ 3 l[;ﬁ] 5
4 4 3037 Jo
2 4 2 4 4
== 1 1,2 1 4 d[1yS
3 7_5.[0 (4x dx_ﬁfo"dx_ls[sxk
T4 T T
9. Ay _[0 %x dx 5 5
‘%_
. 512
_45 8
64
5 5
= 11. y
2_
L | L L,
_2/ \2-\-
-1+
]_
X =0 (by symmetry)
2
B %I:/JE(Z—XZ)de
y= |
\/5 -
I—«E (2 - x>)dx I 2% 1
3 L 4 |:l 5:| 1
lj‘ﬁ (4—4x% +x*)dx —_-[ X(x )dx_on dx_ ¥l _s_4
e T 13d_14]_ L1
1 3 2 0 ¢ [ZX JO 4
[2x—3x} {1 '
2 1 3 17
& __Zjo(x)dx I xOdx |:14X Jo
l[4x—ix3+lx5J 3242 y=""717 1 1
2 3 5 —\/E_T_ﬂ oX dx 4 4
- 82 825 |
3 3 :E:g
1
4 7
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12.
) %L“ [(2\/;)2—(2x—4)2}dx
y=
j [ 24X~ (2x-4) Jx
[ |
-5 2'[14 (=x% + 5% —4)dx
%
13,52 4
_2[—§x +5X —4x]1 9 27
. - 19 IECEEET)
X =0 (by symmetry) 3 3
2I { ( 10)) } 14, N
y= -
2 -
j_z[—%(x —10)}dx B
—%fz (x* =20x? +100)dx -
= > -
_%I,z (x? —10)dx i
3 2 N
:—é[%xﬁ_%x +100x}_2:_%:_& -+ :/ I N1 g_‘
1 —10x}2 ¥ 130 h T
213 5
To find the intersection points, X2 =x+3.
13, & x> —x-3=0
- MR EVE
B )
| (1+13)
ol 5x I(l_jﬁ) X(X+3—x2)dx
B v___ 2
/ X= (1+\/E)
5 2 —x?
5 I(l—dﬁ) (X+3—x7)dx
To find the intersection point, solve 2
2x—4=2Vx. (1+v13)
x—2=4/x J(l—j—) (X% +3x=x>)dx
x> —4x+4 =X _ 2
x> —5x+4=0 (1+13)
(X=4)x—1)=0 Iy 3x-1x3 | 2
X =4 (x=1 is extraneous.) [2 . }(1_\/5)
4 2
J' x[2&—(2x—4)}dx (1 \/g)
v 1 +
X =
4 13,342 1,4 2
L [2\&—(2x—4)]dx [3X TR X J(l_\/ﬁ) 136 1
4 _ 2 _ 12 _ 1
ZL 3% = x2 +2x)dx - 13413 INEN )
= 6 6
2.[14 (x2 —x+2)dx (H\/g)
L
e 2l Lo 0]
2[%x3/2 1x 2+2xr 595 = 1+V13)
2 2
I (X+3—x")dx
(-73)
2
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15.

16.

330

(45
1 2 2 4
2J(HE) (xX® +6x+9-x%)
_ 2
B 13413
6
(1413)
i )
%B +3x% +9%x— 5 SJ(l_f/E)
_ 2
- 13413
6
. 1433\(45 T
BN
6
Ly
2_
-
l | .
-1 3 X
\
) -

To find the intersection points, solve y2 =2

y=1V2

o ;j%[zz _(yz)szy ) %j_@ (4- yj_)dy
ng 2-y*)dy [2y_%y3}_j§

-5

To find the intersection points, solve
y?-3y—4=-y.
y2—2y-4=0

_ 24420

2

Section 5.6

y=1%5

i ::ff[( y)? -(y? =3y-4)” |dy
jl} (0= =3y-4) |ay

_zj [( y* +6y’ —24y -16)dy
B L”f( y? +2y +4)dy

;P;¢+§W—MW—M{E£ 2045
_ -3y +y +4y}l+§ P
=3
My [en-02-3y-a]e

a [ -2 -3y-4]ay

j”f (-y* +2y? +4y)dy

2045

3

[4y+ y+2y]1ﬁ %

2045 T 2045

3 3

. Welet 0 be the density of the regions and A be

the area of region i.
Region R;:

m(R) =94 = 5(1/2)(0)0) =55

1 1)(3|1

. on(x)dx 3

1= - 1
Io xdx lx2|
2

Since R; is symmetric about the line y =1-X,

2
3

the centroid must lie on this line. Therefore,

2 1
¥y =1-X; =1-—=—; and we have
Yi 1 373
_ 1
My(Rl):Xz'm(Rl):§5

_ 1
My (R)) =Y, -m(Ry) =g5

Region R;:

m(Ry) =d6Ay =6(2)(1) =26
By symmetry we get

_ |

X, =2 and Y, =3
Thus,

My(Ry) =% -m(Ry) =46
Myx(Ry) =¥, -m(Ry) =6
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18. We can obtain the mass and moments for the
whole region by adding the individual regions.
Using the results from Problem 17 we get that

m =m(Ry)+m(Ry) =%5+25=§5

1 13
My =My (R)+My(Ry) =5 +45 =25

My :MX(R1)+MX(R2):%§+§:%§

Therefore, the centroid is given by

= Ivly ?5 26
X =— 5_:_
m s 15
2
7
goMe_6° 7
m Sg 15
2

19, m(Ry) = 3 (9(x) - F ()
m(Ry) = 5[ (900~ F(x))dx
My (R) =§ [[ (@0 (£ ) ae
My (Ry) = g [l (€a00)? = (£ () x
My (R) =3 X(900~ F(x)dx

My (R) = [ x(9(x) - f (x))dx

Now,

m(Ry) = 5[ (9(x)~ f (x)dx
= 5[ (900~ 1 (0)ix+ 3 (900~  (0)dx
=m(Ry)+m(Ry)
My (Rs) =§ [ 900y = (1 00yl
=2 [ (900 ~ (T )oK
+2 [ @00 = (F ()
=My (R)+My(Ry)
My (Ry) = 8] x(g ()~ f (x)dx
=5 X900~ f ()

+8[ (90~ f (0)dx
= My(Rl)+ My(RZ)

Instructor's Resource Manual

20. m(R) =5 (N0 - g ()
m(Ry) =8 (0~ f (x))dx
Myx(Ry) = gj: ((h()” ~(g(x))*)elx
Myx(Ry) =§j§((g(x>)2 =(f (x)*)elx
My (Ry) = 5] x(h(0)~ g(0)dx

My (Ry) =5 X(g()~ f (x))dx

Now,
m(Ry) = 5j:(h(x)— f (x))dx
=5 (h(0) - 900+ g(x)~ f (x))dx

= 5] (100~ 900 +6 [ (900 - F (X
=m(R))+m(R,)

M (Re) = [ (002 = ( (0o
=§ [2 (h0) ~ (@0 + (9 (0)? (£ (1) )le
=2 (007 ~ (g0 )oK
+2 {1 @00 = (F 00y
= My (R)+My(Ry)
My (Rs) = 5j: x((x) - f (x))dx
= 5[ X0~ 900+ g(x) ~ f (x))dx
= 5j: x(N(X) — g(x))dx +5j: x(g(x)— f(x))dx

= My(Rl)+ My(RZ)

21. Letregion 1 be the region bounded by x=-2,
Xx=2,y=0,andy=1,s0 m; =4-1=4.
By symmetry, X; =0 and ¥ =%. Therefore
Mly :Ylml =0 and MlX =71m1 =2.

Let region 2 be the region bounded by x =-2,
x=1,y=-1,andy=0,s0 my =3-1=3.

1 1
By symmetry, X, = 3 and Y, = 5 Therefore

_ 3 _ 3
sz = XoMy Z—E and MZX =Yy,m :—E.

3
(MM o3 s
m; +my 7 14
1
7=M1X+M2X 2_1
m; +my 7 14
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22. Letregion 1 be the region bounded by x = -3,

23.

24.

332

x=1,y=-1,andy=4,s0 m; =20. By
3
symmetry, X =—1 and ) =7 Therefore,

Mly Zil my =-20 and MIX = 71 my =30. Let
region 2 be the region bounded by x =-3, X =-2,
y=-3,andy=-1,s0 m, =2. By symmetry,

Xy = —% and Y, =-2. Therefore,

sz :Xz m2 =-5 and M2X 272 m2 =-4. Let

region 3 be the region bounded by x=0, x =1,
=-2,andy=-1, so my =1. By symmetry,

1 3
=— and y; =——. Therefore,
3735 Y3 2

_ 1 _ 3
M3y=X3m3 :E and M3X =Yy; M Z—E.

%= M1y+M2y+M3y :_%:_ﬁ
m1+m2+m3 23 46
49
7= Mix + Moy + M3y _2. 8
m; +m, +my 23 46

Let region 1 be the region bounded by X = -2,
X=2,y=2,andy=4,s0 my =4-2=8. By
symmetry, X; =0 andy; =3. Therefore,

Mly = Ylml =0 and MIX = Vlml =24. Let
region 2 be the region bounded by x =—1,
x=2,y=0,andy=2,s0 my =3-2=6. By
symmetry, X, :% andy, =1. Therefore,

sz =Y2m2 =3 and sz =72m2 =6. Let
region 3 be the region bounded by x =2, x =4,
y=0,andy=1,s0 m; =2-1=2. By symmetry,
¥ =3 and ¥, :%. Therefore, M3y =X3m; =6

and M3X=73m3=1.
M1y+M2y+M3y _2

X =
m; +my + My 16
7= Mix + Moy + M3y 31
m; +my +My 16

Let region 1 be the region bounded by x = -3,
Xx=-1l,y=-2,andy=1,s0 my =6.By

1
symmetry, X} =—2 and Y| = 5 Therefore,

M1y=71 ml =12 and MIXZV] ml =—3.Let

region 2 be the region bounded by x=-1,x =0,
=-2,andy=0,s0o m, =2. By symmetry,

Xy = —% and Yy, =—1. Therefore,

Section 5.6

25.

26.

217.

28.

My =X, my =—1 and My, =y,m; =-2. Let
region 3 be the remaining region, so mz =22.
By symmetry, X; =2 and y3 = —%. Therefore,
M3y =X3 M3 =44 and M3, =y3m3 =-11.

_ M1y+M2y+M3y :2

X
m; +my + My 30
y= M1x+M2x+M3x __E__E
m1+m2+m3 30 15
1 14T 1
A:I Cdx=|—x*| ==
0 4 o 4

From Problem 11, X = ? .

V = AQ27X) :l(m-i) _m
47 s5) s

Using cylindrical shells:
1
1 1
\ :27:]. x-x3dx:2nJ. x*dx =2n lx5 =
0 0 57 ), 5

The area of the region is na® . The centroid is the
center (0, 0) of the circle. It travels a distance of

2z Qa)=4ra. V =4n’a’

The volume of a sphere of radius a is %na3. If

the semicircle y =+ a? —x? isrevolved about

the X-axis the result is a sphere of radius a. The
centroid of the region travels a distance of 2my.

o1
The area of the region is Enaz . Pappus's

Theorem says that
(1 2 2.2 _4 3
2ny)| —ma” |=n"a’y=—ma’.
Loy
Yy =—/, X =0 (by symmetry)
3n
Consider a slice at X rotated about the y-axis.
b
AV =27xh(X)AX, so V = 2nja xh(x)dx .
b
Am =~ h(X)Ax, so m = ja h(x)dx=A.
b
AM y = xh(X)AX 50 My = ja xh(x)dx .

b
. :ﬂ _ ja xh(x)dx
m A

The distance traveled by the centroid is 27X .
b

(2nX)A = 2nja xh(x)dx

Therefore, V = 27XA .
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29.

AV = 27(K — y)w(y)Ay

v =2af" (K- yyw(y)dy

Am ~ W(y)Ay, so m= jcd w(y)dy = A.
d
AMy = YW(Y)AY ;50 My = [ yw(y)dy .

d
[ ywendy
Y 2TA
The distance traveled by the centroid is
2n(K-Y).
2n(K —V)A=2n(KA—M,)

zanCd Kw(y)dy—J.cd yW(y)dy)

d
=2n[ (K= y)w(y)dy
Therefore, V =2n(K - y)A.

T . .
r cosz— , so the centroid travels a distance
n

of 2nr cos1 .
2n

Thus, by Pappus's Theorem, the volume of
the resulting solid is

2nr cosl 2r%n sinicosl
2n 2n 2n

. T T
= 41tr3n sm—cos2 —.
2n 2n

. . T i
lim 4nrnsin— cos” —
n—ow 2n 2n
3 ¥
sin - -
20 5203002 " _pp2y3

lim cos” —
2n

n—o 2—7::1
As n — oo, the regular polygon approaches
a circle. Using Pappus's Theorem on the
circle of area mr? whose centroid (= center)
travels a distance of 2xr, the volume of the

1
30. m= Ebh solid is (Ttrz)(ZTCf) =27%r> which agrees
b with the results from the polygon.
The length of a segment aty is b oy y.
b b , 32. The graph of f(sinXx) on [0, 7 ]is
AMy =yl b——=y Ay =| by ——=y~ [Ay
h h . . T
symmetric about the line X =— since
h b 2 2
My = [ by—y? |dy . . o n
h f(sinx) = f (Sll’l(TE— X)) . Thus X = 5
h
12 b 3} 12
=|=by" —— =—bh T ;
L Y -3y 75 7:10 xf(smx)dx:E
y:ﬂ:h J: f (sin x)dx 2
m 3 Therefore
T . T m .
A= %bh ; the distance traveled by the IO x f (sin x)dx = 5_[0 f (sin x)dx
L h 4 2. N\2
centroid is 2m| K 3) sin Xcos™ X = sin X(1-sin“ X)“, so
f(x)=x(1-x>)?.
v=2n[ k-2 Loh|= ™M 3k _p) (0 =x=x)
3)2 3 T . 4 T[T, 4
-[0 Xsin X cos™ X dx :E-[O sin Xcos™ X dx
31. The area of a regular polygon P of 2n sides

. . T . .
is 2r’nsin— cos—. (To find this consider
2n  2n

the isosceles triangles with one vertex at the
center of the polygon and the other vertices
on adjacent corners of the polygon. Each

such triangle has base of length 2r sinzi
n

and height r coszi.j Since P is a regular
n

polygon the centroid is at its center. The
distance from the centroid to any side is

T
n 1 5 T
=—|——cos" X| =—
2{ 5 L 5
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33. Consider the region S — R.
1
i 1 [ 97 00= 200 ax
S-R
1
B %Jo f 2 (x)dx
R

Ys-r 2 YR

%Rﬁ[gz(x)— fz(x)}dxz%(s —R)jo1 £2(x)dx

1 1 2 2 1 1 2
ERjo[g (x) - f (x)}dx+ERjOf (x)dx
z%(S—R)j; fz(x)dx+%RJ'; £2(x)dx

1 1 2 1 1 2

ERJO g (x)dszSJ'0 f = (x)dx

1! 42 12
5'[0 g (x)dx>§jof (x)dx
- R

S
¥s 2 VR

34. To approximate the centroid, we can lay the
figure on the x-axis (flat side down) and put the
shortest side against the y-axis. Next we can use
the eight regions between measurements to
approximate the centroid. We will let h; ,the
height of the ith region, be approximated by the
height at the right end of the interval. Each
interval is of width Ax =5 cm. The centroid can
be approximated as

8
ZXi hi
=l

_ (5)(6.5) + (10)(8) + -+ (35)(10) + (40)(8)

bol

|
o

6.5+8+---+10+8

2.h
i=1

i
= @ ~23.38
72.5

1%«1-)2
ol W65 81028
ih (6.5+8+---+10+8)
i
i=1
335875
72.5

~4.63
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35.

First we place the lamina so that the origin is
centered inside the hole. We then recompute the
centroid of Problem 34 (in this position) as

_ (=25)(6.5) + (=15)(8) +--- + (5)(10) + (10)(8)
6.5+8+---+10+8

-0 662
725

8
X =4 =)

i=1

y=

o

1l
—

hy

_ (125 (A +(# = (H)
6.5+8+---+10+8

_ 45.875
72.5

~ 0.633

A quick computation will show that these values
agree with those in Problem 34 (using a different
reference point).

Now consider the whole lamina as Rj, the

circular hole as R, , and the remaining lamina as
R;. We can find the centroid of R; by noting
that

My (R) = My (R3) =My(Ry)

and similarly for My (R;).

From symmetry, we know that the centroid of a
circle is at the center. Therefore, both
My (Ry)and My (R;) must be zero in our case.

This leads to the following equations
My (R3)—My(Ry)

m(R;) -m(Ry)
3 OAX(—480)

SAX(72.5) - S7(2.5)?
_ —2400
34287

X:

-7

My (R3) =My (Ry)
m(R3)-m(R,)
_ SAX(45.875)
 SAX(72.5)— 67(2.5)°
229375

342.87
Thus, the centroid is 7 cm above the center of the
hole and 0.669 cm to the right of the center of the
hole.

7:

~ 0.669
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36. This problem is much like Problem 34 except we 2. a. P(X22)=P(2)+P(3)+P(4)
don’t have one side that is completely flat. In —0.05+005+0.05=015
this problem, it will be necessary, in some
regions, to find the value of g(x) instead of just

5
f(x) — g(x). We will use the 19 regions in the b. E(x)zzxi pi
figure to approximate the centroid. Again we i1
choose the height of a region to be approximately =0(0.7) +1(0.15) + 2(0.05)
the value at the right end of that region. Each 3(0.05) + 4(0.5
region has a width of 20 miles. We will place the +3(0.05) +4(0.5)
north-east corner of the state at the origin. =06
The centroid is approximately
19 3. a P(X22)=P(2)=0.2
X (f (%) —9(x))
X~ 1:19 b. E(X)=-2(0.2)+(-1)(0.2) +0(0.2)
1
Z(f(xi)_g(xi)) +1(0.2)+2(0.2)
i=1 =0
~ (20)(145—-13) + (40)(149-10) +---(380)(85—85)
(145-13) + (149-19) + - (85— 85) 4. a P(X22)=P(2)=01
_ 413227,:§o ~173.69 b, E(X)=-2(0.1)+(~1)(0.2) +0(0.4)
19 +1(0.2) +2(0.2)
1
5 2L ) (9] =0
T =l
T 5. a P(X>2)=P(2)+P®3)+P(4)
2 (F(3)—=g(x)) =02+02+0.2

i=1

%[(1452 ~132) 4 (149% ~10%) +- .-+ (852 —852)]

= (145 -13)+ (149 _19) =+ (65 5) b. E(X)=1(0.4)+2(0.2) +3(0.2) + 4(0.2)

=06

=22
_ 230805 _oq 2
2780 6. a. P(X >2)=P(100)+ P(1000)
This would put the geographic center of Illinois ~0.018+0.002 = 0.02

just south-east of Lincoln, IL.
b. E(X)=-0.1(0.98)+100(0.018)

+1000(0.002)
5.7 Concepts Review =13.702
1. discrete, continuous 7. a.  P(X>2)=P(2)+P(@3)+P(4)
2. sum, integral :i+£+i:£:0.6
10 10 10 10
5
3 [p fO9ax b. E(X)=1(0.4)+2(0.3)+3(0.2)+4(0.1) = 2
4. cumulative distribution function
Problem Set 5.7
1. a P(X=2)=P(2)+P(3)=0.05+0.05=0.1
4
b. E(X)=>%p;
i=1
=0(0.8) +1(0.1) + 2(0.05) + 3(0.05)
=0.35
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8. a. P(X=2)=P()+P3)+P(4)

b. E ——X(20-x)d
02+(_1)2+(_2)2 s (X)= j X- x( x) dx

_:0.5 3
10 10 10 10 (20X X )dx
~ 400070
b. E(X)=0(0.4)+1(0.1) + 2(0) + 3(0.1) + 4(0.4) s 4720
3 | 20x° X
=2 === -2 =10
4000 3 4 |
20 1 1
9. a P(X22)=] 58X =g18=09 e For 0<x<20
o )20 F(X) = jo—t(zo t)dt
b. E(X)=], x~2—0dx:{2—0} ~10 -
0 S N Y L B B SRR
4000 3|, 400" 4000
c. For x between 0 and 20,
1 X 43
F(x —dt— =— s = [T2.v2(4_
=], 5 =25 =% 13 a P(X22)=| = (42 0x
34x3 x4
2 dx= — Z_| =0.6875
10. a. P(X=2)= j d_4018 0.45 64{3 4}
20
1 X b, E(X)=[*xx2(4-x)dx
b. E(X)_j20x~5dx_{%} =5-5=0 fo 64
-20 5 4
_ 3 4 3 4 _ 3| 4 X _
c. For —20<x<20 —afo (4x -X )dx—a{x —?}0_2,4
F(x) = j dt = 2 (x+20) =~ x4t
2040 40 40° 2 c. For0<x<4
3|4 t*
F(x —t 4—t)dt=—| ———
11, a P(X22)-= j 22 X(B- ) dx (x) = j (4-1) 64{3 4}0
8
3
-3 ax2 X 21.7222 =ix3—ix4
256 3], 256 32 16 256
b E(X): 8X'iX(8—X)dX 14, a. P(X ZZ)ZJSL(S—X)dX
' 0" 256 232
8
2
_i0(8x2—x3)dx _1 gx_ X _9
256 32 2 16
3 |:8X3 X? _
T 256 3 4| 8 1
b. E(X)=| x-—(8-x)dx
0 (X)=yx 5@
c. For0<x<8 378
) t3 X :i 4X2 _X_ :§
F(x) = j—t(s t)dt = 42— 32 3], 3
6 3
3 5, 1 3 c. For0<x<8
=—X"——X
64 256 27
F(x 8_t)dt = —|gt—
(x) = j 55 @ Ddt=— 8= 0
12. a. P(X=2 x(20 - x) dx
(x22)=" 4OOO( ) 11,
20 4" 64
3
=3 ho2- X Zoon
4000 3
2
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4
15. a  P(X22)= Zsin| 7% |dx
28"\ 4
4
:Z[_icosﬂ_x:| __l(_l_O)zl

4 7w . [7wX
b. E(X)=|.x-—=sin| — |dx
(X) =[x ( 4j
Using integration by parts or a CAS,

E(X)=2.
c. For0<x<4 19
X
F(x)= j—sm( jdt —[—4cos”—t}
1( X j 1 zx 1
=——|CcoS—-1|=——COS—+—
2 4 2 4 2
16. a. P(X=22)= j—cos( jdx
. (nxj 4 . T .7 1
=|sin| — || =sin—-sin—=1-—
8 /], 2 4 J2
b. E(X X cos dx
0-x5n(3)
Using a CAS, E(X) ~1.4535 20
c. For0<x<4
X
F(x)= I cos( tjdtz sin(”—tj
8 8 /]
X
=sin
7
4
17. a P(X>2)= j = dx :[_i} _1
3Xp 3
4 4 4, P
b. E(X):J. x-—zdx={—lnx}
1 3X 3 1
:iln4z1.85
3
c. Forl<x<4
1
F(X):J‘Xidt:{_i} s 21.
1 32 3th 3x 3
_4x-4
Y
9 81 81 T
18. a P(X22)=] —3dx=[—_2}
2 40x 80x* o
~ 17 024
320

81} 18
40x

b. E(X)= jx x:[
40x
c. Forl1<x<9
x 8l 81
F() = [ }
I 40t3 80t2
81 81_ 81x% —81
80x2

80x? 80
Proof of F'(x) = f(x):

By definition, F (x) = j: f (t)dt. By the First
Fundamental Theorem of Calculus,

F'(x) = f(x).

Proof of F(A)=0and F(B) =1:
F(A)=I:f(x)dx=0;
F(B) =j§ f(x)dx =1
Proof of P(a< X <b)=F(b)-F(a):

P(a< X <hb) =.[ab f(x)dx = F(b)- F(a) due to
the Second Fundamental Theorem of Calculus.

a. The midpoint of the interval [a,b] is %b

P(X a+bj P[X < a+bj
2 2

a+b
:J'T ! dx = ! (a;b—a)

_ 1 b-a 1
b-a 2 2

b
b 1 1 | %2

b. E(X)=[ x——dx=——|"—
) ja b-a b—a{z}

bz—a2 _a+b
2(b a) 2
1 a
c. F(x)-= ap adtz—b (x— a)_—b

The median wiII be the solution to the

equatlonj 0 dx 05.
lea(XO_a):O's
Xo—azﬁ
2
_a+b
0=
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22.  The graph of f(x)— s12 2(4-x)? c. E(X):j:x-%(2—|x—2|)dx

symmetric about the line x = 2. Consequently, _r2, 1 3 41,
P(X £2)=0.5 and 2 must be the median of X. _-[ox 4(2+(X 2))dx+.[2x 4(2 (x=2)) dx
1¢2 5 14 2
23.  Since the PDF must integrate to one, solve :Z-[OX dX+zI2 (4x—x“)dx
5
- = 4
Joloxe—x)dx =1, 1 52 1., B 2 4
; 27032 5| 537
sk® ke [T, 2
2 3 0 2170 2
d. 1f0<x<2 F(x)= j—tdt_ ==
125k 125k 8 8
2 s ! °
21 x1
375k—250k=66 If2<x£4,F(x)=jozxdx+jzz(4—t)dt
K=— 22 2 ¥ 2
125 :X_ +l 4t_t_ :l_f_ X_X__E
8 4 2 2 8 2
. 0 2
24. Solvej kx2(5—x)2dx:1 X2
0 =g X1
kj§(25x2 ~10x3 + x4)dx =1
5 ) if x<0
25° _5x* x° X ifosx<2
k| ————+—| =1 3
o2 5k F() =
¥2
625, ——+x-1 if 2<x<4
5 ! 8
1 if x>4
k= 625 e. Using a similar procedure as shown in part
(a), the PDF for Y is
4
25. a. Solve | k(2-|x-2/)dx=1 f 120- 120
Jok(2-1x-2) ()= 15 4551201y ~120)
Due to the symmetry about the line x = 2, the 1
luti be found by solvi If 0<y <120, F(y)= t
50L21|on can be found by solving y (y) 01,400
ZIO kxdx =1 2 y y2
2 = =
k-xz‘ -1 28,800 |~ 28,800
0
4k =1 If 120 < y < 240,
1 1y
k=— F(y)==+ 240—t) dt
4 W 2 I12014 400( )
2 1Y
b. P(3sxs4)=j41(2—|x—2|)dx YT
2 14,400 2
. 120
_j —(2 (x— 2))dx_—j3(4—x)dx 1,y 23y e
4 2 60 28800 2 28,800 60
1 x| 1
= — 4X—— = — 0 R
4 2 3 8 5 if y<0
y if 0<y<120
28,800
F(x)=
y> oy
—L___+2 1 if120<y<240
28800 60
1 if y>240
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26.

27.

Solve I;SO kx? (180—-x)dx =1.

180
3 x*
k| 60x 0 =1

0

Alternatively, we can proceed as follows:
8
3127, 6 3 .
Solve k- —— dy =1 using a
0 y (127 yj y g
CAS.
k ~1.132096857 x10%°

1
- - 8
87,480,000 Ry =] kt0 (i—tj dt
P(100 < X <150) 0\
150 1 Using a CAS,

=~ x%2(180-x)dx
100 87,480,000

1 4 150
- = leox3-X| =~0468
87,480,000 4
100

180 1
E(X)= X
) J.O 87,480,000

1 5 180
-~ |asx*-X | 108
87,480,000 5 |,

x2 (180 —x) dx

Solve j(?'e kx®(0.6—x)8 dx =1.

0.6
kjo x8(0.6—x)8dx =1
Using a CAS, k ~ 95,802,719

The probability that a unit is scrapped is
1-P(0.35< X <£0.45)

— 1k [ > x8(0.6— %8 dx
0.35

~0.884 using a CAS

E(X) = j(())'sx o8 (0.6 —x)8 dx

_ 06 7 :
_kjo X" (0.6—-x)" dx
~ 0.2625

F(x) = joxgs,soz, 719t%(0.6 - )8 dt

Using a CAS,

F(x) ~ 6,386,850x’ (x® —5.14286x’
+11.6308x® —15.12x° +12.3709x*

~6.53184x3 +2.17728x2
—0.419904x +0.36)

If X = measurement in mm, and Y =
measurement in inches, then Y = X /25.4 .
Thus,
K (y)= P(Y < y)= P(X [25.4< y)

= P(X < 25.4y) = F(25.4y)

where F(x) is given in part (d).

28.

R (Y) ~ (7.54731x10%7)y" (y® —0.202475y’
+0.01802y% —0.000923y°

+0.00003y* — (6.17827x107")y®
+(8.108x107°)y? — (6.156x10~ )y
+2.07746x10713)

200
Solve Io kx? (200 - x)8 dx=1.
Using a CAS, k ~ 2.417x107%

The probability that a batch is not accepted is
200

P(X 2100) = k[ x2 (200 - x)2 dx

~ 0.0327 using a CAS.

200
E(X)= kjo x - x2(200 - x)® dx
=50 using a CAS

F(x) = jox (2.417x10723)t2 (200 1)® dx

Using a CAS, F(x) ~ (2.19727 x1072*)x% -
(x® —1760x" +136889x° — (6.16x10%)x°
+(L.76x10M)x* — (3.2853x101)x3
+(3.942x10'°)x? — (2.816x10'")x
+9.39x10'®)

00 .
Solve j; kx2(100— x)8 dx. Using a CAS,
k = 4.95x10720
[y ~20\;2 8
F(9 =) (4.95x102°)¢ (100-1)° ot
Using a CAS,
F(x) ~ (4.5x10721)x3
(x8 —880x" +342,222x8 — (7.7x107)x®
+(1.1x101%)x* — (1.027 x10%%)x3
+(6.16x10'%)x% — (2.2x10%°)x
+3.667 x10%0)
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29. The PDF for the random variable X is 0 if x<0

f(x)z{l if 0<x<1 08 if 0<x<1

0 otherwise 33. F(x)=109 ifl<x<2

From Problem 20, the CDF for Xis F(x)=x 095 if 2<x<3

Y is the distance from (1, X) to the origin, so 1 if x>3
F

Y =\/(1—0)2+(X ~0)* =1+ X2 E):))

Here we have a one-to-one transformation from 1 ‘—8—8_

0.8 @g————0
the set {x:0<x<1} to{y:lsny/E}.For T

0.6+
every 1<a<b<+/2,theevent a<Y <b will oul
occur when, and only when, il

VvaZ-1< X <+b%-1. 027

Ifwelet a=1 and b=y, we can obtain the bt ————————

0 1 2 3 X
CDF for Y.
P(L<Y <y)=P(VEP-12 X <4y?-1) 0 if x<0
0.7 if0<x<1
=P(OSXSW2—1) 0.85 ifl<x<2
3 FM=100 i 2<x<3
9 if2<x<
:F(«/ 2—1):4 2_q
y d 0.95 if 3<x<4
To find the PDF, we differentiate the CDF with 1 if x>4
respect toy. Fo0 =
d 2 1 1 y 1
PDF =—/y"-1==- 2y = Lo —3
v 2y o] —°
Therefore, for 0 < ysﬁ the PDF and CDF are &—o
respectively *1
g(y)= z and G(y)=+/y*-1. 04+
vy -1 T
0.2+
30. P(X:x)=j;f(t)dt:0. Consequently, ot

P(X <c)=P(X <c). Asaresult, all four

35. a. P(Y<2)=P(Y<2)=F(2)=1
expressions, P(a < X <bh), P(a< X <h),

P(a< X <b)and P(a< X <b), are b. P(0.5<Y <0.6)=F(0.6)-F(0.5)
equivalent. 12 1 1
16 15 12

31. By the defintion of a complement of a set,

c _ '
AU A* =S, where S denotes the sample space. c. f(y)=F'(y)=

2 5 ,0<y<1
Since P(S) =1, P(AU A®) =1. +1)

Since P(AU A®) = P(A) + P(A°), 1
( )=P(A)+P(A) d. E(Y):j y-%dyz0.38629
P(A)+P(A%) =1and P(A%) =1-P(A). 07 (y+1)
32. P(X=1)=1-P(X <1)
For Problem 1,1-P(X <1) =1-P(X =0)
=1-0.8=0.2
For Problem 2,1-P(X <1) =1-P(X =0)
=1-0.7=0.3
For Problem 5,1-P(X <1)=1-0=1
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36.

37.

38.

39.

40.

41.

d. E(Z):jjz-%d

a. P@Z>1)=1-P(Z<1)=1-F()

=1--=2
9 9

b. Pl<Z<2)=P1<Z<2)=
411

"9 9 3

F()-FQ@)

c. f(z)zF’(z)z%,Oszss

3
3
{ZL} L,
27
0

E(X)= jx x(4 x)2 dx =2
and E(X?) = j X2 15x (4—x)? dx

:3_72 ~ 4.57 using a CAS

E(X) _[x x(8 x)dx =19.2 and

E(X?) =] x"-—x(8—x)dx=102.4
(X% = ]2 256( )
using a CAS

V(X)= E[(x —y)z], where = E(X) =2

V(X)= j (x—2) . STk 2(4-x)? dx—7

Jx X(8—x)dx =4
8 x—)?. 2w dx =8
V(X)_jo(x 4) 256x(8 x) dx :
E[(X—y)z}:E(X2—2X,u+,u2)
= E(X?)-E(2X u)+E(t?)
=E(X?)-2u-E(X)+ 4?
=E(X?)-2u% + 1% since E(X) = u

=E(X*)-?
For Problem 37, V(X) = E(XZ)—y2 and
using previous results, V (X) _%—22 :;
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5.8 Chapter Review

Concepts Test

1. False: jg cos xdx =0 because half of the area

10.

True:

False:

True:

. True:

False:

False:

True:

False:

False:

lies above the x-axis and half below the x-
axis.

The integral represents the area of the
region in the first quadrant if the center of
the circle is at the origin.

The statement would be true if either
f(x) > g(x) or g(x) > f(x) for

a < x < b. Consider Problem 1 with f(x)
=cos xand g(x) = 0.

The area of a cross section of a cylinder
will be the same in any plane parallel to
the base.

Since the cross sections in all planes
parallel to the bases have the same area,
the integrals used to compute the volumes
will be equal.

The volume of a right circular cone of
radius r and height h is %nrzh . If the
radius is doubled and the height halved

the volume is %nrzh.

Using the method of shells,
V= ZnI; x(—x2 +Xx)dx . To use the

method of washers we need to solve

y= —x2 +x for xin terms of y.

The bounded region is symmetric about
the line x :% . Thus the solids obtained

by revolving about the lines
x =0 and x = 1 have the same volume.

Consider the curve given by x = %St,
ystt D<t<

The work required to stretch a spring 2
inches beyond its natural length is

2
jo kx dx = 2k, while the work required to
stretch it 1 inch beyond its natural length

is I;kxdx:%k.
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11. False: If the cone-shaped tank is placed with the
point downward, then the amount of

N

V= TcJ.;(X—XZ)ZdX

water that needs to be pumped from near 1 5 3 4
the bottom of the tank is much less than = RIO(X —2X7+X")dx
the amount that needs to be pumped from 1
near the bottom of the cylindrical tank. - la la lsf_m
3 2 5 Jp 30
12. False: The force depends on the depth, but the
force is the same at all points on a surface 1 5 1,5, 3
as long as they are at the same depth. 3. V= 2“.[0 X(x—x%)dx = ZNIO (X* =x7)dx
13. True: This is the definition of the center of _on 131 ' _r
mass. o 6
14. True: The region is symmetric about the point 1 ) ) )
(x,0). 4. vznjo[(x—x +2)2-(2) ]dx
15. True: By symmetry, the centroid is on the line _ n.[; (X =253 —3x2 + 4x) dx
x=g, so the centroid travels a distance {1 s 14 3 , -
=m| =X —=X —X+2X } =—
5 2 10
of 27{%) = n°. 0
1
5.V =2nf (3-x)(x—x*)dx
16. True: Atslicey, AA~(9- yz)Ay. .
= ZnI (x3 —4x? +3x) dx
17. True: Since the density is proportional to the 0
square of the distance from the midpoint, ) 14 43 3 L 5p
equal masses are on either side of the i DRt N
midpoint. 0
18. True: See Problem 30 in Section 5.6. _[;x(x— x2dx [% 3 _%qu .
. . 6. X= = ==
19. True: A discrete random variable takes on a X 1 2 2 3t 2
ini : [ (x=x*)dx [;X —lXJ
finite number of possible values, or an 2 3% o
infinite set of possible outcomes provided L 1
that these outcomes can be put in a list lj (x—x%)dx %[% x3—1x +%x5}
such as {xy, X5, ... }. y= 270 = 0
o Il(x—xz)dx [;XZ 1371
20. True: The computation of E(X) would be the 2737 o
same as the computation for the center of 1
mass of the wire. 10
21. True: E(X)=5-1=5 1
7. From Problem 1, A:E.
X
22. True: IfF(x)=| f(t)dt,then F'(x)= f(x
) J‘A © () =1(x) FromProbIemG,leand Vzi.
by the First Fundamental Theorem of 2 10
Calculus. V(Sy) = 27{%)&):%
1
23. True: P(X=1D)=PA<X<)=| f(x)dx=0 11\ =
'[1 V(Sz)—z’n E E :E
vz hz(2)- 22
Sample Test Problems
1 viso-anfa-1)[2)-
1
1. A:'[ (x—xz)dx: 1x2 —lx3 1
0 2 3 , 6
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8. 8=F(@8)=8k k=1 j:’ x(4x —x?)dx I; (4x* - %) dx

8 12. X=
_(® I 4 2 32
a. W_jz xdx—[zx }2—2(64 4) .[o (4x—x7)dx 3
=30in.-Ib [AXS—lXA'T o
4 1,714 L3 4 do_3_,
b. W:jo xdx:{zxz} =8in.-Ib 2 2
0
4
) 2 . i [(4x)2 —(xz)Zde
9. W=| (624)(55 10-y)d B
J, (62.4)(5*)m(10 - y)dy I ax—xyox
6
6 15 4
=15607 10-y)dy =15607| 10y — = 1 2_ 4
[, @o-y)dy [ y ZVL _3f, 06 —xyox
= 65,5207 ~ 205,837 ft-Ib 32
4
10. The total work is equal to the work W; to pull up %[% X —%XS Jo % 3
the object to the top without the cable and the = 32 BEARS
work W5 to pull up the cable. 3 3
W; =200-100 = 20,000 ft-Ib 5y .[4 [(4 )2 ( z)sz
. V=n X)< —(x X
The cable weighs % :g Ib/ft. . 0
5 6 = n-[o (16x2 - x4) dx
AW, =—Ay-y =—yAy
275 5 [16 s 1 5}4 20487
100 S XX =
W—J‘looﬁd—glz 3 5 Jg 15
2=)y YW =5|5Y Using Pappus’s Theorem:
= 6000 ft-Ib From Problem 11, A=>2.
W =W, +W, = 26,000 ft-Ib 3
_ 32
11. a. To find the intersection points, solve From Problem 12, 'y 5
4x = X2
5 V =21y A=2n| 32|32 2048
XS —4x=0 5 /L3 15
X(x-4)=0
x=0,4 14. a. (See example 4, section 5.5). Think of
4 1.1 cutting the barrel vertically and opening the
A= Io (4x - xz)dx = [sz e xs} lateral surface into a rectangle as shown in
3 o the sketch below.
3 3 ¥
b. To find the intersection points, solve 03
%: N 3y 16x
Ve y ey
16 At depth 3 —y, a narrow rectangle has width
y2 ~16y =0 167, so the total force on the lateral surface
y(y-16)=0 is (5 = density of water = 62.4 Ib%@ )
y=0, 16
16 3 3
16 2 1 5(3-y)(16x)dy =1675| (3—y)dy
A:J‘O (ﬁ—%)dy:[gys/z —§y2:| IO IO
0 >3
_ (@ _ 32) _3 = 167;5{3y —y—} =1675(4.5) ~14,114.55 Ibs.
3 3 2 |
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b. All points on the bottom of the barrel are at b | R
the same depth; thus the total force on the 2. L= Ia 1+[f (X)] dx

bottom is simply the weight of the column of b 2
water in the barrel, namely L, = ja V1+[g'(x)]" dx
F = 7(8)(3)6 ~ 37,638.8 Ibs. Ly = f(a)—g(a)
d Ly = f(0)-g(b)
15. Y _y2 L Total length = L3 + L, + Lg+ Ly
dx 4x°

L= 13 1+[x2 —4%)2 dx 23. A1=2n.f:f(x) 1+[f’(x)]2dx
X
3 (4. 1 1 3, 1 Az=2nj:g(x) 1+[g'(x)] dx
:J‘]. X +E+dez‘.‘l [X +mjdx AS_TE|:f2(a)_ )
- ¢°@]

1o 1T (g 1) (1_1)_53 T2 g2
_[Ex _d _(9 12) (3 4j_ . A= 12(0)- g% (0)]

Total surface area = A + Ay + Ag+ A4
16. ¥
24. a. P(X21)=P@1<X<2)

21 1 4T
; L = —(8—x3)dx=— 8x—X—
~ 112 12 4 X

0 54
22:0.354
48
1=
The loop is —/3 <t <+/3. By symmetry, we can b. P(<X <05)=P(0<X <05)
double the length of the loop fromt =0 to 472
dx dy .2 051 3 1 X
= Lot L =t - = —(8—-x"Jdx =—| 8x——
t \/g'dt 2t'dt vt 0 12( ) 12 4
3[4 2 V32
LZZ.[O "+ 2t +1dt=2J‘0 (t +1)dt :ﬁzossz
13 3 \/’ 2
:2[—t +t} =443 5
3 0 c.E(X):.[2x~i(8—x3)dx:i 4x2—x—
0 12 12 5
2 _
17. vzf’g(\/g—xzj di= [ (9-x?)dx =08
X
3 Cex Ly 3\ Ll 4
:[QX—%xﬂ — (27-9)—(-27+9) =36 d. F(X)‘Ioﬁ(s‘t )dt‘ﬁ{&‘?}
-3 0
1 x4 2 x4
18. A= ["[F(x)-g(x)]dx T3
- A= g
T2y 2 g (637 3
19. V =x’] 12(9-9%(x) |dx %5 a P(x<y=F@-1-L 3
20. V= 2n[" (x-a)[ 1 d b £(0)=F/() =2 (6-1) = %
- V=2x] (x=a)[ f ()~ g(x)]dx : =F()=2 T
0<x<6
21 My =3[0 x[ (0 - g(x)]dx 6 (6_x
a c. E(X):j x(—]dx
O (br,.» P 0 18
M= Lo 200 =070 ax -
1 2 X
:_{w __} i
18 3
0
344 Section 5.8 Instructor's Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material
may be reproduced, in any form or by any means, without permission in writing from the publisher.



Review and Preview Problems

1. By the Power Rule
x 2t -1

+C

f—dx jx’zdx— Xl
-2+1 -1 X
2. By the Power Rule
-1.5+1 -0.5
f—dx =[x dx = X X2 ¢
-15+1 -05 Jx
3. By the Power Rule
-1.01+1 -0.01
100
L= [yt =X X e
j. 101 J. ~1.01+1 -0.01 XO.Ol
4. By the Power Rule
—0.99+1 0.01
jidx = [x%%dx =X X 1000
x0%° ~0.99+1 0.01

5. F(1) :jll%dt =

6. By the First Fundamental Theorem of Calculus

FOREI S
1t X

7. Let g(x) = x?; then by the Chain Rule and
problem 6,

D,F(x*) = D,F(g(x)) = F'(g(x))g'(x)

1 2
(o=

8. Let h(x) = x*; then by the Chain Rule and
problem 6,

D, [ 2dt = D,F (h(x)) = F (N ()

1 3
(o3

. (1+1)% =2'=2

b, (142 )/ —(_) _ 2.48832
1 10
(1+%)Ko :(%j ~ 2.593742

134

o

1+

50
1 o _(51)° | 2.691588
50 50

1 100
e (L+—)/ 100 {EJ ~ 2.704814
100 100

Instructor's Resource Manual

10.

11.

12.

13.

a. (1+1)l =2t=2
1
10
_ (E) ~ 2503742
10

100
_( 101V 5204814
100

1
_)10

b. (1+
10

1 100
c. (1+——
( 100)

1 1000 _

d @+
1000

1001
1000

1000

j ~ 2.7169239
1.2 (3Y

a (l+=)t=|=| =225
2 2

1/} 10 10
b. (1+3) 5:[1+ij :(Ej ~ 2593742

10 10
1 2 1 20 20
. a+2)/ 012 1) (2} L6533
2 20 20
1 Zi 1} 1010
d (1+@) 50 —|14+—— —| ===
) 2 100 100
~ 2.70481
1Y 200
e (1+&) 100 — 1+i 201
: 200 200
~ 2.71152

a (1+%)}/2 = /3 ~1.732051
b. (1+—) % - = (1.2)° ~ 2.48832

100,
c. (H%) %2 —(1.02)” ~2.691588

500

1000,
d. (1+L) 4:(1.002) ~ 2.715569
1000

We know from trigonometry that, for any x and
any integer k, sin(x+2kx)=sin(x). Since

() 1 57 1
sinf—|== and sin ==,
(GJ 2 (6J 2

sin(x) :% it x=2 ok = 22K +L

T

or x_5—”+2k 12k+5
6 6

where k is any integer.
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14. We know from trigonometry that, for any x and 21. y'=xy?2 - dy=xy2dx
any integer k, cos(x+2kz)=cos(x). Since

! dy = xd
cos(z) =-1, cos(x)=-1 7 y = XX
if x =7+ 2kz = (2k +1)7 where k is any integer. dy
I —Zz_[ xdx
15. We know from trigonometry that, for any x and 1 1y
any integer k, tan(x-+kz)=tan(x). Since __:EXZ +C
y
. 4k +1
tan(%j:l, tan(x) =1 if X=%+k7r= 4+ V4 When x=0 and y=1 we get C =-1. Thus,
2
where k is any integer. N S
y 2 2
. 1 . 2
16. Since sec(x) =———, sec(x)is never 0. y=-
cos(x) x? -2
17. In the triangle, relative to &, 22 y-:COSX o dv = 95X 4k
opp=+x?—1, adj =1, hypot =x so that
y dy = cos x dx
sing = X -1 cosO=2 tand=+x2 -1
” ” I ydyzj cos x dx
1 1, .
cotd = secfd=x cscl= Ey =sinx+C
x? -1 x? -1

When x=0 and y=4 we get C =8. Thus,

18. In the triangle, relative to 4, 1, .
—y“=sinx+8
opp=x , adj =v1-x* , hypot =1 so that 2
y? =2sinx+16
sinfd=x cos@=v1-x> tand=
1-x°
l _y2
cotd = 1-x secH = cscld =—
X 1-x°
19. In the triangle, relative to 4,
opp=1, adj=x , hypot=+1+x? so that
. 1 X 1
sin@ = cosd = tand =—
1+ x? V1+x? X
/ 2
cotd=x secd =X csco=1e
X
20. In the triangle, relative to 4,
opp=+1-x% , adj=x, hypot=1 so that
l 2
sind=v1-x cosf=x tang= 31X
X
cotd = sec49:l cscl = !
1-x° X 1-x°
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